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There has been an increasing interest in fundamental and applied research on emerging
geotechnical and geoenvironmental engineering applications that pose multi-physics problems
involving non-isothermal processes in unsaturated soils. Properly studying these problems requires
the development of analytical models to describe the constitutive behavior of unsaturated soils
under non-isothermal conditions. However, major gaps remain in the development of unified
models that can properly represent the temperature dependency of unsaturated soil behavior. The
effects of temperature on the stability of slopes, lateral earth pressure, and pile resistance in
unsaturated soils are also not well understood. The main objective of this study is to provide new
insight and robust tools to characterize and model the temperature-dependent behavior of
unsaturated soils. For this purpose, novel unified models are developed for soil water retention
curve, effective stress, thermal conductivity function, and small-strain shear modulus for
unsaturated soils at elevated temperatures. The models are proposed by establishing or extending
the unified model at isothermal conditions to nonisothermal conditions. The fundamental and main
variable in all unified models is capillary pressure (also referred to as matric suction). The effect
of temperature is considered on adsorption and capillarity as a function of water-air surface

tension, soil-water contact angle, and enthalpy of immersion. The proposed models are verified by
comparing them with experimental data reported in the literature and measurements made in this
study. Overall results of the proposed models show an excellent predictive capability. Furthermore,
the parametric study is conducted to understand the effect of different parameters such as soil type,
temperature, drainage conditions, and among others on hydraulic and mechanical properties of
unsaturated soil. Finally, the proposed models are incorporated into geotechnical applications such
as slope stability, lateral earth pressure, and pile resistance involving unsaturated conditions and
elevated temperatures. The variation of temperature in unsaturated soils for these applications can
be notable and cannot be ignored in the design and analysis. The proposed formulations can also
be readily incorporated into analytical solutions and numerical simulations of thermo-hydromechanical processes in unsaturated soils. The findings of the study can facilitate using numerical
models to simulate various non-isothermal applications including geo-energy systems and soilatmospheric interaction problems.
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CHAPTER I
INTRODUCTION
1.1

Background
Several emerging applications in geotechnical and geoenvironmental engineering pose

multi-physics problems pertaining to non-isothermal processes in partially saturated soils. These
applications include soil-atmosphere interaction under a changing climate, disposal and storage of
nuclear waste, radioactive barriers, buried high voltage cables, ground-source heat pumps for
geothermal heating/cooling systems, soil-borehole thermal energy storage systems, and thermally
active earthen structures, which all require considering the change in temperature for unsaturated
soils (e.g., Coccia and McCartney 2012; Alsherif and McCartney 2015; Vahedifard et al. 2017,
2018, 2019). Furthermore, the recorded weather and climatic observations and projected patterns
all suggest increases in temperature, warm spells, short-term heatwaves, and concurrent drought
and heatwaves in several regions (e.g., Mazdiyasni and AghaKouchak, 2015; Shukla et al., 2015).
Soil temperature in some of these applications (e.g., disposal and storage of nuclear waste) may
reach to a thermal limit of 100 °C (Hicks et al., 2009), for applications related to energy
geotechnics and soil-atmosphere (e.g., heat exchangers, thermally active earthen structures, energy
piles), the temperatures may go as high as 45 °C (Coccia and McCartney 2012; Goode and
McCartney 2015).
The above applications and problems require a thorough understanding of the fundamental
function, soil water retention curve (SWRC), which is the relationship between matric suction and
1

water content, and its associated mechanical and thermal properties under varying temperatures.
Foremost, the nonisothermal SWRC is the primary function is to be properly established by
including all factors affected by temperature to quantitatively estimate other associated properties,
effective stress, thermal conductivity, and small strain shear modulus of unsaturated soils with
temperature. Depending on the magnitude of water content, matric suction, and temperature, both
capillary and adsorption mechanisms contributes to the unsaturated soil behavior. Most of the
existing studies consider temperature effects on capillarity as a function of surface tension only.
The studies ignore the temperature effects on other capillary related factors such as contact angle,
enthalpy of immersion, and adsorption mechanism. Most studies do not consider the effect of
temperature on moist air pressure and no attempt has been made to formulate a unified model for
nonisothermal effective stress of unsaturated soils. No study attempted to formulate the thermal
conductivity has a combined function of water content, temperature, and confining pressures.
Furthermore, there is no attempt to study the small strain shear modulus of unsaturated soils under
elevated temperatures. All these fundamental properties are more critical and cannot be ignored
when the soil has a wide range of matric suction, varying water content and temperature, and
changing stress conditions. Besides, correctly establishing the constitutive relationships for the
hydraulic and mechanical properties helps in better understanding the response of emerging
geotechnical applications involving elevated temperatures. The understanding would serve in
effective design and analysis of the geotechnical problems. The effects of temperature on the
stability of slopes, lateral earth pressure, and pile resistance in unsaturated soils are also not well
understood. Properly addressing these problems require the development of constitutive
relationships of unsaturated soils under non-isothermal conditions. Despite several developments
made in the laboratory and field tests, there are still many gaps exits in the unified models for
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elevated temperatures. Several of the existing predicted models are developed for isothermal
conditions i.e. assuming there is no change in the temperature. Further, the existing numerical and
analytical studies for nonisothermal models did not account for all the important variables that are
impacted by temperature.
1.2

Objective
The main objective of this study is to provide new insight and robust tools to characterize

and model the temperature-dependent behavior of unsaturated soils. For this purpose, temperature
dependent constitutive relationships are developed and then incorporated into geotechnical
applications that involve unsaturated conditions and elevated temperatures. This study proposes
novel unified models for the SWRC, effective stress, thermal conductivity function (TCF), and
shear modulus for unsaturated soils under elevated temperatures. The proposed models are
established by extending the solutions at ambient conditions to elevated temperatures.
Fundamentally, all models are primarily established as a function of temperature dependent matric
suction expressions. The temperature dependent matric suction includes the thermal effects on the
water-air surface tension, soil-water contact angle, and enthalpy of immersion. The temperature
effects are considered on both capillary and adsorption water retention mechanisms of the SWRC.
The proposed models for the SWRC, effective stress and the TCF are validated against measured
data reported in the literature. The predicted model for shear modulus is compared and verified
against measured data reported in the literature and as well as measurements made in the laboratory
in the current study. Employing unified models, the parametric study is carried out to understand
the effect of different parameters such as soil type, temperature, drainage conditions, and among
others on hydraulic and mechanical properties of unsaturated soil. Further, the models are applied
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to emerging geotechnical problems such as slope stability, earth pressures, and pile bearing
capacity of unsaturated soils involving elevated temperatures.
1.3

Scope and Organization of the Dissertation
The dissertation is organized into nine chapters. Chapter 1 presents an overview of the

research background including motivation and gaps, objective, and the main scope of the study.
In Chapter 2, the analytical expressions of the nonisothermal SWRC. The closed-form
expressions are presented to consider the effects of temperature on adsorption and matric suction
in unsaturated soils. The formulation for the non-isothermal matric suction accounts for the effects
of temperature on the surface tension, soil-water contact angle, and adsorption by the enthalpy of
immersion per unit area. The formulations are then employed to extend several existing isothermal
SWRCs to non-isothermal conditions. The extended SWRC models are used in a parametric study
to examine changes in adsorbed water, capillary water, and total water content versus matric
suction for Ottawa sand and Wyoming bentonite subjected to several temperatures ranging from
25 °C to 100 °C. The proposed models are validated against the measured data available in the
literature.
In Chapter 3, closed-form equations to describe the effective stress of unsaturated soils
under nonisothermal conditions is presented. The suction stress-based formulations are developed
for representing temperature-dependent suction stress and the effective stress of unsaturated soils.
The formulations incorporate temperature-dependent moist air pressure and matric suction into a
skeleton stress equation originally developed using volume averaging. A nonisothermal SWRC is
used to account for thermal effects on the adsorbed water, surface tension, contact angle, and
enthalpy of immersion per unit area. The proposed models are validated against the measured data
available in the literature.
4

In Chapter 4, a general TCF model by considering the temperature effects on pore structure,
degree of saturation, different heat transfer mechanisms (i.e., conduction, convection, and latent
heat of vaporization), and the confining pressure has been established. The TCF model is linked
to a nonisothermal SWRC model to include the impact of temperature on pore structure and degree
of saturation. Further, the proposed model applies a decay function to the degree of saturation to
account for thermally induced changes in heat transfer mechanisms through conduction and
convection of pore water in both liquid and vapor phases and latent heat transfer due to
vaporization. A new function is introduced into the TCF model to incorporate the effects of
confining pressure on thermal conductivity that corresponds to the changes in the void ratio.
Further, the proposed models are validated against the measured data available in the literature.
In Chapter 5, to capture thermal effects on the stiffness of unsaturated soils, an effective
stress-based, temperature-dependent model for the small-strain shear modulus of unsaturated soils,
with an emphasis on silts is presented. Temperature dependency of the model is accounted for by
employing temperature-dependent functions for matric suction and effective saturation
characterized using the soil-water retention curve. To validate the proposed model, laboratory tests
using a modified triaxial apparatus with bender elements are carried out on Bonny silt to measure
the small-strain shear modulus at 23 and 43 °C for varying matric suctions of 0 to 110 kPa.
Additionally, the proposed model is validated against the measured data available in the literature.
Utilizing the proposed models and establishing new methods, Chapter 6 of this study
investigates the stability of unsaturated slopes under elevated temperatures. An analytical
framework is developed to determine the factor of safety of unsaturated slopes under steady fluid
flow conditions at various temperatures. The theoretical basis of the framework is built upon the
concept that, within the temperatures range examined, the effect of temperature on the soil’s shear
5

strength is primarily attributed to thermal induced changes in apparent cohesion stemming from
matric suction. Temperature dependency of apparent cohesion is captured by employing
nonisothermal models for the SWRC and effective stress, which are then incorporated into a steady
infinite slope stability analysis of unsaturated soils. A TCF model is used to obtain the temperature
profile versus depth. The formulations are used to determine FOS for different hypothetical soils
including sand, silt, and clay at surface temperatures of 25 °C, 40 °C, and 55 °C under different
steady flow rates.
Chapter 7 presents an analytical method to quantify the effect of elevated temperatures on
active and passive earth pressures of unsaturated soils. The derivation of an analytical framework
is established by extending Rankine’s earth pressure theory to account for the effect of temperature
under hydrostatic conditions. The equations are derived by incorporating the effect of temperature
into the soil water retention curve and a suction stress-based effective stress representation. The
proposed effective stress equation considers the temperature-induced changes in the contact angle,
surface tension, and enthalpy of immersion. To investigate the impact of temperature on active
and passive earth pressures, the proposed method is then used in a set of parametric studies to
determine active and passive earth pressure profiles for three hypothetical soils of clay, silt, and
sand at different temperatures.
Chapter 8 of this study provides a framework to determine the drained and undrained
ultimate bearing capacity of driven piles in unsaturated soils subjected to elevated temperatures.
The proposed models are developed by extending the conventional  and  methods for ultimate
pile bearing capacity in soils. Depending on drained or undrained conditions, the temperaturedependent matric suction and water content profiles are incorporated into calculations of the skin
resistance and the end bearing resistance of piles for unsaturated soils. In addition, the temperature
6

dependent adhesion and interface angle are proposed and incorporated into the pile resistance
formulations. The proposed model is validated against one set of experimental data reported in the
literature, the results show a good match between the measured and predicted data. Further,
employing the proposed models, a parametric study is carried out to evaluate the ultimate pile
bearing capacity in unsaturated clay and sand soils at different temperatures ranging from 5 °C to
45 °C under drained and undrained conditions.
Chapter 9 presents the summary of results and findings and recommendations for future
research.
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CHAPTER II
NONISOTHERMAL MODELS FOR SOIL-WATER RETENTION CURVE
This chapter has been published as an article in the Journal of Geotechnical and
Geoenvironmental Engineering (Vahedifard, F., Cao, T. D., Thota, S. K., and Ghazanfari, E.
(2018). Nonisothermal models for soil-water retention curve. Journal of Geotechnical and
Geoenvironmental Engineering, 144(9), 04018061, DOI: doi.org/10.1061/(ASCE)GT.19435606.0001939). The paper has been reformatted and replicated herein with minor modifications in
order to outfit the purposes of this dissertation.
2.1

Introduction and Background
The soil water retention curve (SWRC) is a key constitutive relationship to describe the

behavior of unsaturated soils. The SWRC establishes a relationship between a measure of water
content (commonly represented by volumetric water content or saturation) and matric suction (i.e.,
the difference between the pore air pressure and pore water pressure). SWRC can be directly
measured in the laboratory or field. Further, there are several parameterized models in the literature
to represent SWRC (e.g., Brooks and Corey 1964; van Genuchten 1980; Fredlund and Xing 1994).
These models establish the relationship between water content and suction using a functional form
including a number of fitting parameters. The level of complexity and the number of fitting
parameters are different among these models. The majority of the existing SWRC models are
developed for isothermal conditions (i.e., no change in temperature or no effect due to temperature
change). However, there are several emerging problems including climate change, disposal and
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storage of nuclear waste, radioactive barriers, buried high voltage cables, ground-source heat
pumps for geothermal heating/cooling systems, soil-borehole thermal energy storage systems, and
thermally active earthen structures, which all require considering non-isothermal conditions in
unsaturated soils (e.g., Coccia and McCartney 2012; McCartney et al. 2013; Vahedifard et al.
2015; Vahedifard et al. 2016; Alsherif and McCartney 2015; Robinson and Vahedifard 2016;
Vahedifard et al. 2017). Soil temperature in some of these applications (e.g., disposal and storage
of nuclear waste) may reach to a thermal limit of 100 °C (Hicks et al., 2009). Further, several
studies have been conducted to evaluate chemical, mechanical and geological alterations in
bentonite and clay-rock formations as a result of hydration and/or heating at high temperatures up
to 300 °C (e.g., Zheng et al. 2015; Ma and Hueckel 1992; Wersin et al. 2007).
Previous studies have shown that the SWRC is affected by several factors including, but
not limited to, pore size distribution, chemical composition, temperature, and adsorption capacity
(e.g., Grant and Salehzadeh 1996; Villar and Lloret 2004; Lu 2016). Several researchers have
studied the effects of temperature on the SWRC over the past few decades. Previous studies include
performing experimental tests to examine changes in the SWRC caused by varying temperature,
and extending the existing SWRC models by including temperature-dependent terms to account
for non-isothermal conditions (e.g., Grant and Salehzadeh 1996; Schneider and Goss 2011;
Bachmann et al. 2002; Wan et al. 2015; Romero et al. 2001; Salager et al. 2007; Villar and Lloret
2004; Tang and Cui 2005; Villar and Gomez 2007; Uchaipichat and Khalili 2009; Jacinto et
al.2009; Salager et al. 2010; Zhou et al. 2014; Wan et al. 2015; Roshani and Sedano 2016).
Experimental results have generally shown that an elevated temperature causes a downward shift
in the SWRC shape, leading to a decrease in saturation (or volumetric water content) under a
constant suction (e.g., Grant and Salehzadeh 1996). The temperature-dependency of the SWRC is
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attributed to temperature-induced changes in the surface tension of the pore water, soil-water
contact angle, soil fabric, water absorption potential, and pore size distribution (e.g., Grant and
Salehzadeh 1996; Romero et al. 2001). However, the extent of temperature effects varies based
upon various parameters including soil type, soil mineralogy, range of temperature, range of
suction, saturation levels, soil confinement, among others (e.g., Romero et al. 2001; Villar and
Lloret 2004; Romero et al. 2003; François and Ettahiri 2012; Wan et al. 2015).
Mechanisms by which temperature affects the water retention capacity of a soil vary
depending upon the soil’s water content. For high water contents, the inter-aggregate porosity
containing the bulk water or free water presents the capillary storage mechanism. In this region,
capillary effects dominate the water retention capacity and elevated temperatures can lead to
reduced surface tension, expansion of trapped air bubbles, isolated water packets, and changes in
the quantity of solute (Schneider and Goss 2011; Romero et al. 2001, 2003). For low water
contents, however, several of the aforementioned effects of temperature are no longer applicable.
This is because the pores are no longer filled with water in dry conditions and the binding of the
water is not dominated by capillary forces but rather by adsorptive forces. In this region, intraaggregate porosity controls the retention capacity through the adsorption storage mechanism and
contains quasi-immobile water. For clays with low water contents, the main temperature effects
on the water retention capacity are due to thermo-chemical changes affecting clay fabric and quasiimmobile water as well as the chemically-induced water adsorption potential (Romero et al. 2001;
Villar and Lloret 2004; Villar et al. 2005).
While a number of attempts have been made to incorporate the effects of temperature into
SWRC models, several gaps remain to be filled. The majority of existing non-isothermal SWRC
models only consider the interfacial surface tension as the sole temperature-dependent variable
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and ignore the effects of temperature on other parameters (e.g., Philip-de Vries 1957; Salager et
al. 2007; Zhou et al. 2014; Wan et al. 2015; Roshani and Sedano 2016). Experimental tests,
however, show that considering the surface tension as the only temperature-dependent component
is not sufficient to explain the effects of temperature on the SWRC (Bachmann et al. 2002).
Temperature effects on other parameters such as the contact angle and adsorption (e.g., Bachmann
et al. 2002; Schneider and Goss 2011; Grant and Salehzadeh 1996) have been studied. However,
there is still a need for developing non-isothermal SWRC models, which properly account for the
effects of temperature on most, if not all, of influential factors.
This study presents analytical expressions to consider the effects of temperature on two
main storage mechanisms (i.e., adsorption and capillarity) in unsaturated soils. The formulation
for the matric suction, representing capillary pressure in unsaturated soils, accounts for the effects
of temperature on surface tension, contact angle, and adsorption by the enthalpy of immersion per
unit area. The formulations are then employed to extend several existing isothermal SWRCs to
non-isothermal conditions. The extended SWRC models are used in a parametric study to examine
changes in adsorbed water, capillary water and total water content versus matric suction for Ottawa
sand and Wyoming bentonite subjected to several temperatures ranging from 25 °C to 100 °C.
Further, the results from the proposed formulations are compared against independent
experimental test results reported in the literature.
2.2

Water Retention Mechanisms: Adsorbed and Capillary Water
Incorporating the impacts of temperature into SWRC models warrants studying the effects

of temperature on different water retention mechanisms in soil. The total retained water in soil can
be defined as the summation of adsorbed and capillary waters (e.g., Romero et al. 2001; Revil and
Lu 2013; Lu 2016):
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𝜃 = 𝜃𝑎 + 𝜃𝑐

(2.1)

where  is the total water content retained in soil,  a is the adsorbed water and  c is the capillary
water. The adsorbed water can be in the form of hygroscopic or hydration water forming a bounded
thin liquid film of water around the surface of the particles. The capillary water is free or bulk
water retained in pore corners behind curved interfaces (Revil and Lu 2013; Lu 2016).
The total amount of adsorbed water is typically small when compared with the volumetric
contribution of capillary water, and its contribution is important for processes such as microbial
activity, plant water uptake, and evaporation in dry environments (e.g., Lu 2016). Adsorption of
water on soil particles is the dominant water storage mechanism at high suctions (McQueen and
Miller 1974) and is mainly due to van der Waals forces that enable the formation of liquid ﬁlms
around soil particles (Mitchell and Soga 2005). Adsorbed water is strictly linked to the soil speciﬁc
surface area and is important in determining processes related to contaminant adsorption, ion
exchange reactions, microbial attachment to solid particles and heat transfer. Khorshidi et al.
(2016) identified three types of adsorption that occur in clay and silt, each with different physical
origins and operating ranges: cation hydration, inner surface hydration, and particle surface
hydration. In the cation hydration range, the water is strongly bonded to the exchangeable cations
and the water retention regime is considered tightly adsorbed (Khorshidi et al. 2016). Several
models have been proposed for the SWRC and hydraulic conductivity function that take into
account the adsorption under isothermal conditions (e.g., Tuller and Or 2005a; LeBeau and Konrad
2010; Revil and Lu 2013).
Tuller et al. (1999) employed a modified form of the Young-Laplace equation that
considers capillary and adsorptive contributions to the matric potential to calculate liquid-vapor
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interfaces within a cross-section of their angular pore model. When studying the capillary
contribution, it is important to consider the adsorption by surface enthalpy, which is referred to as
the enthalpy required to create a unit area of surface. Tuller et al. (1999) employed a unit cell
concept, shown in Fig. 2.1, to illustrate the liquid-vapor interface transitioning from adsorption to
capillary-dominated imbibition. Tuller et al. (1999) used the unit cell concept to propose a new
model for pore space geometry, with an attempt to properly capture both adsorption processes in
an internal surface area and capillary behavior in angular pore spaces. The potential of
accommodating adsorptive surface forces leads to a more accurate derivation of the SWRC for
porous media with high specific surface areas (i.e., clay) under dry conditions. In the following
sections, closed-form expressions are presented to account for the effects of temperature on various
components contributing to the adsorbed and capillary water.

Figure 2.1

2.3
2.3.1

Conceptual sketch of liquid-vapor interface transitioning from adsorption to
capillary-dominated imbibition: (a) Low matric potentials where liquid films
adsorbed on pore and slit walls and liquid held in corners due to capillary forces,
(b) capillary condensation, (c) pore snap off, and (d) complete saturation (modified
after Tuller and Or 2005b).

Temperature Effects on Soil Water Retention Curve
Temperature effects on adsorbed water
The Freundlich model (Ponec et al. 1974; Jeppu and Clement 2012) can be used to describe

the amount of adsorbate (liquid) on a flat adsorbent (solid) in thermodynamic energy equilibrium
with the ambient adsorbate (in vapor phase) as follows:
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𝜃𝑎 = 𝜃𝑎𝑚𝑎𝑥 (𝑅𝐻)1/𝑀

(2.2)

where  amax is the adsorption capacity, RH represents the relative humidity, and M is the
adsorption strength, a fitting parameter primarily controlled by mineral type and quantity. By
imposing a form of the Kelvin-Laplace equation, Revil and Lu (2013) rewrote Eq. (2.2) as follows:

𝜃𝑎 =

𝜃𝑎𝑚𝑎𝑥

𝑀𝑤 𝜓 1/𝑀
(𝑒𝑥𝑝 [−
])
𝑅𝑇

(2.3)

where M w = 1.8  10 −5 m 3 mol-1 is the molar volume of water; R = 8.314 J mol-1K -1 is the
universal gas constant;  is the matric suction in Pa, representing capillary pressure in unsaturated
soils, and T is the temperature in Kelvin.
Several studies have found that the adsorbed water may degenerate to capillary water at
very high temperatures (e.g., Powers 1967; Derjaguin et al. 1986; Ma and Hueckel 1992).
Derjaguin et al. (1986) reported that this phenomenon can start happening at a temperature of about
70 °C.
2.3.2

Temperature effects on capillary water
Matric suction can be described using the Young-Laplace equation (Young 1805; Lu and

Likos 2004):

𝜓 = 𝑢𝑎 − 𝑢𝑤 =

2𝜎 𝑐𝑜𝑠 𝛼
𝑟
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(2.4)

where ua is the pore-air pressure (conventionally referenced as zero for surface and near surface
applications by measuring all pressure terms relative to the atmospheric pressure),  is the soilwater contact angle of the fluid-fluid interface with the solid, u w is the pore-water pressure, r is
the pore size (the average radius of the water-air interface) and  is the water-air surface tension.
The partial derivative of  with respect to temperature can be written as (Bachmann et al. 2002):

𝜕𝜓 𝜓 𝜕𝜎
𝜓 𝜕(𝑐𝑜𝑠 𝛼)
=
+
𝜕𝑇 𝜎 𝜕𝑇 𝑐𝑜𝑠 𝛼 𝜕𝑇

(2.5)

Philip and de Vries (1957), and several others (e.g., Imbert et al. 2005; Salager et al. 2007;
Uchaipichat and Khalili 2009; Zhou et al. 2014; Wan et al. 2015; Roshani and Sedano 2016),
ignored the second term in the right-hand side of Eq. (2.5) assuming that  is independent of
temperature, although a study by Bachmann et al. (2002) demonstrated that the contact angle does
depend on temperature. In the current study, we incorporate the effect of temperature on the contact
angle, as explained in the following section.
2.3.2.1

Water-air surface tension
The effect of temperature on the water-air surface tension can be described using a linear

function as (Haar et al. 1984; Dorsey 1940):

𝜎 = 𝑎′ + 𝑏𝑇

(2.6)

where a ' and b are fitting parameters. Using regression analysis through the reference interfacial
tension data, Haar et al. (1984) and Dorsey (1940) proposed the following estimations for a ' and
b coefficients:
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𝑎′ = 0.11766 ± 0.00045 Nm−1
{
𝑏 = −0.0001535 ± 0.0000015 Nm−1 𝐾 −1

(2.7)

Fig. 2.2 shows the variation of surface tension with temperature for pure water using Eq.
(2.6) in the range of temperature from 263 K to 353 K.

Figure 2.2

2.3.2.2

Variation of surface tension with temperature for pure water

Soil-water contact angle
Grant and Salehzadeh (1996) showed that by considering a temperature-dependent contact

angle, the temperature derivative of the wetting coefficient, cos  , can be expressed in terms of
independently measurable physical-chemical quantities as follows:
𝑑 𝑐𝑜𝑠 𝛼 1 𝜎 𝑐𝑜𝑠 𝛼 + 𝛥ℎ
𝑑𝜎
= (
− 𝑐𝑜𝑠 𝛼 )
𝑑𝑇
𝜎
𝑇
𝑑𝑇

(2.8)

where h is the enthalpy of immersion per unit area. The enthalpy can be determined by
experimental measurements or by using the differential enthalpy of adsorption of the vapour
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(Everett 1972). In the current study, the following equation is used to model the enthalpy reduction
by increasing the temperature (Watson 1943):

1 − 𝑇𝑟 0.38
𝛥ℎ = 𝛥ℎ(𝑇𝑟 ) (
)
1−𝑇

(2.9)

where h(Tr ) is the enthalpy of immersion per unit area at a reference temperature Tr . As per
Harkins and Jura (1944), hTr can be determined using the water-air surface tension and the
wetting coefficient at Tr . The solution of Eq. (2.8) allows the calculation of the wetting coefficient,
cos  , as a function of temperature. By substituting Eq. (2.6) into Eq. (2.8), a general form can be

obtained as follows:

(𝑎′𝑇 + 𝑏𝑇 2 )

𝑑 𝑐𝑜𝑠 𝛼
− 𝑎′ 𝑐𝑜𝑠 𝛼 = 𝛥ℎ
𝑑𝑇

(2.10)

Solving Eq. (2.10) for cos  yields the temperature-dependent form of the contact angle
as follows:

𝑐𝑜𝑠 𝛼 =

−𝛥ℎ + 𝑇𝐶1
𝑎′ + 𝑏𝑇

(2.11)

where C1 is a constant, which can be determined as (Grant and Salehzadeh, 1996):
𝐶1 =

𝛥ℎ 𝑇𝑟 + 𝑎′(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 𝑇𝑟
𝑇𝑟

(2.12)

To better illustrate the effects of temperature on contact angle, Fig. 2.3 depicts matric
suction versus pore size at different temperatures ranging from 25 °C to 100 °C for two cases: (1)
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temperature-independent contact angle (black solid lines), generated by substituting Eqs. (2.6) and
(2.7) into Eq. (2.4); and (2.2) temperature-dependent contact angle (red dashed-lines), generated
by implementing Eqs. (2.6), (2.7), (2.9), (2.11), (2.12) into Eq. (2.4). For plotting the temperaturedependent contact angle results, h(Tr ) is assumed to be -0.516 J/m2, which is reported for silt by
Grant and Salehzadeh (1996). The results are shown for a wide range of pore size representing
various soil types. For example, Nimmo (2004) reports the following typical r values for different
soils: very coarse sand: 1.5 mm, coarse sand: 0.75 mm, fine sand: 0.175 mm, very fine sand: 0.075
mm, silt: 0.02 mm, and clay: 0.0015 mm.
As shown in Fig. 2.3 using the black solid lines, changes in matric suction for the
temperature-independent contact angle are not significant. For example, for r = 0.6mm the matric
suction decreases as much as 12% by increasing temperature from 25 °C to 100 °C. However,
using the temperature-dependent contact angle can lead to significantly larger reductions in matric
suction by increasing temperature. For r = 0.6mm , the matric suction decreases approximately by
40%, 47%, 63% and 82% by increasing the temperature from 25 °C to 40 °C, 60 °C, 80 °C, and
100 °C, respectively. Comparison between the results from the two cases examined demonstrates
that accounting for the effects of temperature only on surface tension is not enough to evaluate the
SWRC under non-isothermal conditions. The results highlight the importance of considering a
temperature-dependent contact angle for multi-physics numerical simulations involving nonisothermal processes in unsaturated soils. This aspect is commonly overlooked in the majority of
previous non-isothermal simulations.
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Figure 2.3

2.3.2.3

Relationship between matric suction and pore size for temperature-independent
and temperature-dependent contact angles at various temperatures

Temperature-dependent function for matric suction
If the wetting coefficient and the surface tension are considered as functions of

temperature, Grant and Salehzadeh (1996) showed that Eq. (2.5) could be re-written as:
𝜓
= 𝛽(𝑇) + 𝑇
𝜕𝜓
( 𝜕𝑇 )

where  (T ) =

(2.13)

−h
. By separation of variables and integration, Eq. (2.13) leads to the following
C1

closed-form expression for non-isothermal matric suction that can be incorporated into any SWRC
model:
𝜓 = 𝜓 𝑇𝑟 (

𝛽+𝑇
)
𝛽𝑇𝑟 + 𝑇𝑟

where  Tr is the matric suction at the reference temperature.
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(2.14)

2.4

Non-Isothermal Extension of SWRC Models
The proposed formulations for the temperature-dependent adsorbed water (Eq. 2.5) and the

temperature-dependent matric suction (Eq. 2.14) can be readily incorporated into existing
isothermal SWRCs to extend them to non-isothermal conditions. The following sections
demonstrate the extension of three widely used SWRC models originally developed by Brooks
and Corey (1964) (referred to as BC), van Genuchten (1980) (referred to as VG), and Fredlund
and Xing (1994) (referred to as FX) to non-isothermal conditions. Further discussion about the
characteristics of each of the original models, including their advantages and limitations, can be
found in the literature (e.g., Fredlund et al. 2011).
The three SWRC models examined in this study, as well as the majority of other existing
SWRC models in the literature, are empirical, primarily relying upon fitting parameters to simulate
the measured SWRC data. Some of these fitting parameters (e.g., air-entry suction, pore-size
distribution) can be evidently attributed to their pertinent physical interpretations. However, some
other fitting parameters (e.g., residual water content, residual suction) are not clearly defined and
physically interpreted (Lu 2016). In this study, the residual water content is considered to
correspond to the adsorbed water, as suggested by Revil and Lu (2013). The latter consideration
allows to distinctly determine the adsorption water and capillary water, which are not explicitly
distinguished in the original SWRC models used in the current study.
The extended SWRC models are used to show adsorbed water, capillary water and total
water content versus matric suction for Ottawa sand and Wyoming bentonite subjected to several
temperatures ranging from 25 °C to 100 °C. These temperatures and soil types are selected to
illustrate the impact of temperature on the SWRC for a wide range of suction and applications.
The upper limit of 100 °C is chosen since this temperature is imposed unanimously in the majority
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of nuclear waste disposal design methods (Hicks et al., 2009). Table 2.1 shows the parameters that
are used for non-isothermal extension of the SWRC models in the rest of this section. Except h(Tr )
that is taken from Grant and Salehzadeh (1996), the rest of the parameters for the VG and FX
models are obtained from those reported in Lu (2016) and the BC model parameters are obtained
using the non-linear fitting program by Seki (2007). Following Revil and Lu (2013), the adsorption
strength, M , for each model/soil is estimated to be equal to the shape fitting parameter for the
SWRC of VG model.
Table 2.1

Parameters for non-isothermal extension of SWRC models
General parameters

s

Soil

Ottawa
sand

r

h(Tr )
2

(J/m )

Tr
(K)

M

Brooks and
Corey
(1964)

Model-specific parameters
Fredlund and
van Genuchten
Xing
(1980)
(1994)

 = 1.73
0.4

0.017

-0.285

298

0.789

p b = 2.51
kPa

0.7

0.217

-0.516

298

0.047

mFX = 1.551

nVG
VG

= 4.504

nFX

= 0.282

aFX = 3.33
kPa

kPa -1

 = 0.461
Wyoming
bentonite

mVG = 0.789

b

p = 591.72
kPa

mVG = 0.047

nVG = 9.667
VG = 0.002
kPa -1

2.4.1

mFX

= 4.692

= 0.634

nFX = 0.976
aFX = 200 kPa

Brooks and Corey (1964)
For suctions greater than the air-entry suction, Brooks and Corey (1964) presented the

following SWRC:

𝑝𝑏
(
)
𝜃 = 𝜃𝑟 + 𝜃𝑠 − 𝜃𝑟 ( )
𝜓
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𝜆

(2.15)

where  s is the saturated water content,  r is the residual water content, p b is the bubbling pressure
in kPa, and  is the pore size distribution index. We extend the BC model to non-isothermal
conditions by replacing the residual water content with the adsorbed water (Eq. 2.3) and using the
temperature-dependent matric suction (Eq. 2.14). Consequently, the non-isothermal SWRC of
Brooks and Corey (1964) can be written as follows:
𝑝𝑏
𝜃 = 𝜃𝑎 + (𝜃𝑠 − 𝜃𝑎 ) ( )
𝜓 𝑇𝑟

𝜆

(2.16)

The full expression of the non-isothermal SWRC of the BC model can be written as:

𝜃 = 𝜃𝑎𝑚𝑎𝑥 (𝑒𝑥𝑝 [−

𝑀𝑤 𝜓
𝑅𝑇

1/𝑀

])

+ (𝜃𝑠 − 𝜃𝑎𝑚𝑎𝑥 (𝑒𝑥𝑝 [−

𝑀𝑤 𝜓
𝑅𝑇

𝜆

1
𝑀

𝑝𝑏

]) ) (
𝜓(

𝛽𝑇𝑟 +𝑇𝑟

)

(2.17)

)
𝛽+𝑇

To illustrate the performance of the new BC model, Figs. 2.4 and 2.5 show the temperature
effects on SWRCs for Ottawa sand and Wyoming bentonite, respectively. For Ottawa sand, Figs.
2.4a, 2.4b and 2.4c illustrate the changes in the adsorbed, capillary and total water contents at
different temperatures (25 °C to 100 °C), respectively. The matric suction primarily varies between
0 to 10 kPa, a low matric suction range where the capillary water dominates, and the adsorbed
water contribution is minimal. To better understand the effects of temperature, let’s further
examine the changes in each water component by temperature at the matric suction of 5 kPa. As
shown in Fig. 2.4b, the capillary water decreases approximately by 16%, 50%, 68% and 84%, (Fig.
2.4b) by increasing the temperature from 25 °C to 40 °C, 60 °C, 80 °C, and 100 °C, respectively,
due to changes in surface tension and enthalpy. However, the maximum reduction in the adsorbed
water (Fig. 2.4a) is less than 1% when increasing the temperature from 25 °C to 100 °C.
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Consequently, the reduction in the total water content (Fig. 2.4c) is primarily dominated by the
changes in the capillary water.
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Figure 2.4

Non-isothermal extension of the Brooks and Corey (1964) SWRC for Ottawa sand
at different temperatures: a) adsorbed water, b) capillary water, and c) total water
content
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For Wyoming bentonite, Fig. 2.5 reveals that both the capillary water and the adsorbed
water have considerable contributions to the total water content. Further, the results demonstrate
the significant impact of temperature on capillary and the adsorbed waters. For example, at matric
suction of 1500 kPa, the reduction in the capillary water (Fig. 2.5b) between the room temperature
(25 °C) and at 40 °C, 60 °C, 80 °C, 100 °C is approximately 11%, 19%, 26% and 39%,
respectively. The reduction in the adsorbed water (Fig. 2.5a) between the room temperature (25
°C) and at 40 °C, 60 °C, 80 °C, 100 °C is approximately 6%, 12%, 18% and 37%, respectively.
The effects of temperature increase as the matric suction increases because the adsorption
dominates at higher suctions. The results of both soils suggest that increases in temperature lead
to smaller air-entry matric suctions. This observation can assist for more realistic simulations of
non-isothermal problems in unsaturated soils.
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Figure 2.5

Non-isothermal extension of the Brooks and Corey (1964) SWRC for Wyoming
bentonite at different temperatures: a) adsorbed water, b) capillary water, and c)
total water content
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2.4.2

van Genuchten (1980)
The van Genuchten (1980) equation is one of the most commonly used SWRC models.

The VG model can be written as:

𝜃 = 𝜃𝑟 + (𝜃𝑠 − 𝜃𝑟 )(1 + (𝛼𝑉𝐺 𝜓)𝑛𝑉𝐺 )−𝑚𝑉𝐺

(2.18)

where VG is a fitting parameter inversely related to the air-entry suction (1/kPa), nVG is the poresize distribution fitting parameter, and mVG is a fitting parameter representing the overall geometry
of the SWRC. Similar to the aforementioned procedure used for the BC model, a new model for
the non-isothermal version of the VG model can be written as follows:

𝜃 = 𝜃𝑟 + (𝜃𝑠 − 𝜃𝑟 )(1 + (𝛼𝑉𝐺 𝜓 𝑇𝑟 )

𝑛𝑉𝐺 −𝑚𝑉𝐺

)

(2.19)

The full expression of non-isothermal version of the SWRC of the VG model is:

𝛽𝑇𝑟 +𝑇𝑟

𝜃=

𝜃𝑎𝑚𝑎𝑥

𝜃𝑎𝑚𝑎𝑥 (𝑒𝑥𝑝 [−

𝑀𝑤 𝜓(

(𝑒𝑥𝑝 [−

𝑀𝑤 𝜓(

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑅𝑇

𝛽+𝑇

𝑅𝑇

1/𝑀
)

])

+ (𝜃𝑠 −

1/𝑀
)

])

) (1 + (𝛼𝑉𝐺 𝜓 (

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑛𝑉𝐺 −𝑚𝑉𝐺

))

(2.20)

)

Figs. 2.6 and 2.7 show the temperature effects on the VG model for Ottawa sand and
Wyoming bentonite, respectively. The SWRCs sensitivity to temperature shows a similar trend
that presented in Figs. 2.4 and 2.5. For Ottawa sand, at the matric suction of 5 kPa, the capillary
water decreases approximately by 27%, 74%, 90%, and 97% by increasing the temperature from
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25 °C to 40 °C, 60 °C, 80 °C, and 100 °C, respectively. The reduction in the adsorbed water is
identical to the BC model.
For Wyoming bentonite, at matric suction of 1500 kPa, the reduction in the capillary water
(Fig. 2.7b) between the room temperature (25 °C) and at 40 °C, 60 °C, 80 °C, and 100 °C is
approximately 11%, 19%, 26%, and 38%, respectively. The reduction in the adsorbed water (Fig.
2.7a) between the room temperature (25 °C) and at 40 °C, 60 °C, 80 °C, and 100 °C is
approximately 6%, 12%, 18%, and 37%, respectively. It is noted that the effect of temperature on
the SWRC is more pronounced in the extended VG model compared to the non-isothermal BC
model, leading to sharper reductions in water content by increasing temperature.
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Figure 2.6

Non-isothermal extension of the van Genuchten (1980) SWRC for Ottawa sand at
different temperatures: a) adsorbed water, b) capillary water, and c) total water
content
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Figure 2.7

Non-isothermal extension of the van Genuchten (1980) SWRC for Wyoming
bentonite at different temperatures: a) adsorbed water, b) capillary water, and c)
total water content
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2.4.3

Fredlund and Xing (1994)
Fredlund and Xing (1994) proposed a SWRC model that provides a steady and continuous

function, which is valid for a wider range of suction compared to the two previously mentioned
SWRC models (e.g., Leong and Rahardjo 1997; Stormont and Anderson 1999; Fredlund et al.
2011; Gerscovich and Sayao 2002). In this study, the FX model with correction factor, C ( ) , is
used for extension to non-isothermal conditions. The correction factor extends the range of
suctions beyond the residual suction to completely dry conditions. The isothermal FX model with
the correction factor can be written as,

𝜓 𝑛𝐹𝑋
𝜃 = 𝜃𝑟 + (𝜃𝑠 − 𝜃𝑟 )𝐶(𝜓) (𝑙𝑛 (𝑒 + (
) ))
𝑎𝐹𝑋

−𝑚𝐹𝑋

(2.21)

and the correction factor is defined as:

𝐶(𝜓) = (1 −

𝜓
𝑙𝑛 (1 + 𝜓 )
𝑟

𝜓
𝑙𝑛 (1 + 𝑚𝑎𝑥 )
𝜓𝑟

)

(2.22)

where  r is the matric suction corresponding to the residual water content commonly set to be
1,500 kPa,  max the highest matric suction (kPa) corresponding to zero water content commonly
set to be 106 kPa, nFX is a fitting parameter related to pore size distribution, mFX is a fitting
parameter controlling the overall geometry of the SWRC, and aFX is a fitting parameter related to
the air-entry suction. Similar to the procedures explained previously, the non-isothermal version
of the FX model is written as:
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𝜃 = 𝜃𝑟 + (𝜃𝑠 − 𝜃𝑎 ) (1 −

𝑙𝑛(1+

𝜓𝑇 𝑟

)

𝜓𝑟
𝜓
𝑙𝑛(1+ 𝑚𝑎𝑥 )
𝜓𝑟

) (𝑙𝑛 (𝑒 + (

𝜓𝑇𝑟 𝑛𝐹𝑋
𝑎𝐹𝑋

)

))

−𝑚𝐹𝑋

(2.23)

The full expression of the non-isothermal FX model can be written as:

𝜃 = 𝜃𝑎𝑚𝑎𝑥 (𝑒𝑥𝑝 [−

𝜓(

𝑙𝑛(1+

𝛽𝑇 +𝑇𝑟
𝑟
)
𝛽+𝑇
𝜓𝑟

𝑀𝑤 𝜓
𝑅𝑇

1/𝑀

])

+ (𝜃𝑠 − 𝜃𝑎𝑚𝑎𝑥 (𝑒𝑥𝑝 [−

𝑀𝑤 𝜓
𝑅𝑇

1/𝑀

])

) 1−
(

)

(𝑙𝑛 (𝑒 + (

𝜓
𝑙𝑛(1+ 𝑚𝑎𝑥 )
𝜓𝑟

𝜓(

𝛽𝑇𝑟 +𝑇𝑟

)
𝛽+𝑇
)
𝑎𝐹𝑋

𝑛𝐹𝑋

(2.24)

−𝑚𝐹𝑋

))

)
Figs. 2.8 and 2.9 show the temperature effects on the FX model for Ottawa sand and
Wyoming bentonite, respectively. The SWRC sensitivity to temperature shows a similar trend to
that presented in Figs. 2.6 and 2.7. For Ottawa sand, let’s further examine the changes in each
water component at the matric suction of 5 kPa. As shown in Fig. 2.8b, the capillary water
decreases approximately by 19%, 55%, 70%, and 81% by increasing the temperature from 25 °C
to 40 °C, 60 °C, 80 °C, and 100 °C, respectively. The reduction in adsorbed water is negligible
likewise the BC and VG models. For Wyoming bentonite, at matric suction of 1500 kPa, the
reduction in the total water content (Fig. 2.9c) between the room temperature (25 °C) and at 40
°C, 60 °C, 80 °C, and 100 °C is approximately 6%, 11%, 16%, and 25%, respectively.
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Figure 2.8

Non-isothermal extension of the Fredlund and Xing (1994) SWRC for Ottawa sand
at different temperatures: a) adsorbed water, b) capillary water, and c) total water
content
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Figure 2.9

Non-isothermal extension of the Fredlund and Xing (1994) SWRC for Wyoming
bentonite at different temperatures: a) adsorbed water, b) capillary water, and c)
total volumetric water content
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2.5

Comparison to Experimental Test Results
The proposed non-isothermal extension of the FX model is compared against three

independent sets of experimental test results reported in the literature for clay (Wan et al. 2015),
sand (Roshani and Sedano 2016), and silt (Uchaipichat and Khalili 2009). Similar comparisons for
the other proposed non-isothermal SWRC models can be performed upon availability of all the
required input parameters. The accuracy of the non-isothermal SWRC model is evaluated by the
root mean square error (RMSE) between the predicted and measured water contents using:

∑(𝜃𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 − 𝜃𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 )
RMSE = √
𝑁

2

(2.25)

where  measured is the measured (volumetric) total water content from experiment,  predicted is the
predicted (volumetric) total water content from the non-isothermal SWRC, and N is the number
of measured data points. Table 2.2 shows the fitting parameters used for the proposed FX model
for the soils that are examined. All of the experimental test results used for comparison purposes
only report capillary water at various temperatures. Consequently, the contribution of the adsorbed
water is not included in the calculation of the total water content in the following sections (i.e.,

 a = 0).
Table 2.2

Model parameters for the proposed FX model
Parameters

Type of Soil
GMZ01
bentonite
Super fine
sand
Bourke silt

s

nFX

mFX

h(Tr )

aFX

r

(kPa)

(MPa)

(J/m )

(K)

309

-0.516

293

3

2

Tr

0.67

0.8086

0.5864

8.0 x10

0.39

6.615

0.8488

4.6

3.0

-0.285

293

0.55

1.393

0.9814

55

1.5

-0.516

298
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2.5.1

Comparison for Clay
Wan et al. (2015) performed a set of SWRC tests on GMZ01 bentonite samples at

temperatures of 20 °C (293 K), 40 °C (313 K) and 60 °C (333 K). For controlling suction at a
given temperature, Wan et al. (2015) employed two techniques: a) vapor equilibrium technique
(controlling total suction), which is based on the use of polyethylene glycol solutions, and b)
osmotic technique (controlling matric suction), which is based on the use of salt solutions (LiCl 2,
MgCl2, NaCl, KCL etc.). They used the osmotic technique and vapor equilibrium technique for
low matric suctions (<1.5 MPa) and higher suctions (>1.5 MPa), respectively. Table 2.3 shows the
properties of GMZ01 bentonite (Ye et al. 2012).
Table 2.3

Properties of GMZ01 bentonite (data from Ye et al. 2012)

Soil Property
Specific gravity of soil grain
Dry density (g/𝑐𝑚3)
pH
Liquid limit (%)
Plastic limit (%)
Total specific surface area (m²𝑔 −1)
Cation exchange capacity (mmol 𝑔 −1 )
Main exchanges cation (mmol 𝑔 −1 )
Main minerals

Description
2.66
1.7
8.68-9.86
276
37
570
0.7730
𝑁𝑎+ (0.433 6), 𝐶𝑎2+ (0.291 4),
𝑀𝑔 2+(0.123 3), 𝐾 + (0.025 1)
Montmorillonite (75.4%), quartz (11.7%),
feldspar (4.3%), cristobalite (7.3%)

Fig. 2.10 compares the measured values versus predictions of the proposed FX model at
20 °C (293 K), 40 °C (313 K) and 60 °C (333 K). The results are also compared against the
predicted SWRC by Wan et al. (2015). The comparison shows that the results obtained from the
proposed FX model are in closer agreement with the experimental results. As expected, at the same
matric suction level, the water content decreases with increase in temperature. The temperature
effect is insignificant at low suctions, but the effect becomes more pronounced as the suction
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increases because the adsorption dominates at higher suctions. At temperatures of 20 °C (293K),
40 °C (313K) and 60 °C (333K), the RMSE values for the predicted SWRC by Wan et al. (2015)
are calculated as 1.3%, 1.6% and 1.5% respectively. For the extended FX model, the calculated
RMSE values are 1.1%, 0.7% and 0.9%, respectively.
The main differences between the proposed non-isothermal FX model and the nonisothermal SWRC model of Wan et al. (2015) are: (1) Wan et al. (2015) assumed that the surface
tension is the only temperature-dependent parameter and derived the expression by modifying the
‘ a ’ parameter with respect to temperature in the FX model; (2) In the current study, the SWRC
model is derived by considering the influence of temperature on adsorption, contact angle and
surface tension.
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Figure 2.10

Predicated and measured SWRCs for GMZ01 bentonite: a) at T = 20 °C (293 K),
b) at T = 40 °C (313 K), c) at T = 60 °C (333 K)
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2.5.2

Comparisons for Sand
The proposed non-isothermal FX model is compared against the SWRC experimental test

results reported by Roshani and Sedano (2016). The tests are conducted on super fine sand (finer
than #35 mesh, 0.5 mm) at the temperatures of 4 °C (277 K), 20 °C (293 K) and 49 °C (322 K).
For controlling the suction at a given temperature, Roshani and Sedano (2016) used the axis
translation technique with Tempe cell. Table 2.4 shows the properties of super fine sand tested by
Roshani and Sedano (2016).
Table 2.4

Properties of super fine sand (data from Roshani and Sedano 2016)
Soil property
Specific gravity (Gs)
Optimum moisture content (%)
Maximum dry unit weight (kN/𝑚3)
Void ratio (e)
𝐷60 (mm)
𝐷30 (mm)
𝐷10 (mm)
Coefficient of uniformity 𝐶𝑢
Coefficient of curvature 𝐶𝑐

Description
2.65
14.6
16.8
0.63
0.22
0.18
0.12
1.83
1.23

Fig. 2.11 compares the SWRC obtained from the proposed FX model against measured
and predicted SWRCs by Roshani and Sedano (2016) at various temperatures. As it can be seen in
Fig. 2.11, the results obtained from the proposed FX model are in closer agreement with the
experimental data than the Roshani and Sedano (2016) model. For the Roshani and Sedano model
(2016), the RMSE values are calculated to be 8.85%, 6.82% and 5.33% at 4 °C (277 K), 20 °C
(293 K) and 49 °C (322 K), respectively, whereas for the proposed extended FX model, the
calculated RMSE values are 4.7%, 2.5% and 3.0%, respectively. Overall, the proposed model
shows good agreement with the measured data at both lower and higher suction ranges.
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The proposed model predicts better than the Roshani and Sedano (2016) model in low
suctions, where the capillary water controls changes in the water content. However, as illustrated
in Fig. 2.11, both models predict nearly the same at high suctions. The differences in the models
at low suctions can be explained by the fact that by increasing the temperature the pores are almost
in the dry state, and the binding of the water is not caused by capillary forces but by adsorptive
forces. Hence, the temperature-dependency of enthalpy has more significance, which is only
incorporated in the proposed model.
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Figure 2.11

Predicated and measured SWRCs for super fine sand: a) at T = 4 °C (277 K), b) at
T = 20 °C (293 K), c) at T = 49 °C (322 K)
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2.5.3

Comparison for Silt
Uchaipichat and Khalili (2009) performed a set of SWRC tests on silt specimens by using

a modified Bishop-Wesley triaxial cell and employed the axis translation technique for controlling
the suction at temperatures of 25 °C (298 K), 40 °C (313 K) and 60 °C (333 K). The tests were
performed on silt obtained from the Bourke region of New South Wales, Australia. Table 2.5
shows the properties of Bourke silt tested by Uchaipichat and Khalili (2009).
Table 2.5

Properties of Bourke silt (Uchaipichat and Khalili 2009)

Soil property
Liquid limit (%)
Plastic limit (%)
Specific gravity
Maximum dry unit weight (kN/𝑚3)
Optimum moisture content (%)

Description
20.5
14.5
2.65
18.8
12.5

Fig. 2.12 compares the predictions of the extended FX model at temperatures of 25 °C (298
K), 40 °C (313 K) and 60 °C (333 K) with the measured SWRC by Uchaipichat and Khalili (2009).
The results obtained from the proposed model are in very good agreement with the experimental
results. Unlike many of the existing non-isothermal SWRC models, the proposed model captures
the decrease in the adsorbed water with temperature, which is observed in the experimental data.
At temperatures of 25 °C (298 K), 40 °C (313 K) and 60 °C (333 K), the RMSE values for the
proposed FX model are 1.0%, 1.1% and 1.1% respectively.
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Figure 2.12

Predicated and measured SWRCs for Bourke silt: a) at T = 25 °C (298 K), b) at T
= 40 °C (313 K), c) at T = 60 °C (333 K)
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CHAPTER III
CLOSED-FORM MODELS FOR NONISOTHERMAL EFFECTIVE STRESS OF
UNSATURATED SOILS
This chapter has been published as an article in the journal of Geotechnical and
Geoenvironmental Engineering (Vahedifard, F., Cao, T. D., Ghazanfari, E., & Thota, S. K. (2019).
Closed-form models for nonisothermal effective stress of unsaturated soils. Journal of
Geotechnical

and

Geoenvironmental

Engineering, 145(9),

04019053,

DOI:

doi.org/10.1061/(ASCE)GT.1943-5606.0002094). The paper has been reformatted and replicated
herein with minor modifications in order to outfit the purposes of this dissertation.
3.1

Introduction
Effective stress of unsaturated soils has posed a critical yet unsettled topic over the past

few decades. The effective stress is recognized as the key factor controlling the engineering
behavior of unsaturated soils including shear strength and volume change (e.g., Khalili et al. 2004;
Lu and Likos 2004; Nuth and Laloui 2008). Since the pioneering work of Bishop (1959), several
attempts have been made to study and properly model the effective stress of unsaturated soils from
micro to macro scales (e.g., Fredlund and Morgenstern 1977; Khalili and Khabbaz 1998; Li 2003;
Khalili et al. 2005; Borja 2006; Lu and Likos 2006; Nuth and Laloui 2008; Alonso et al. 2010, Lu
et al. 2010; Zhao et al. 2010; Nikooee et al. 2013; Manahiloh et al. 2016). Primarily built upon the
average skeleton (or Bishop’s) stress, the existing models commonly represent the effective stress
of unsaturated soil as a function of all or a combination of matric suction, saturation level and
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water retention properties of the soil (e.g., Wheeler et al. 2003; Sheng et al. 2004; Nuth and Laloui
2008; Lu et al. 2010). Supported by extensive experimental test results, the notion of effective
stress has been employed for constitutive modeling of unsaturated soils under coupled processes
(e.g., Jommi 2000; Loret and Khalili 2002; Sheng et al. 2004; Khalili et al. 2005; Gens et al. 2006;
Mašín 2010). The latter implies that changes in effective stress fundamentally dominate the shear
strength and volume change of unsaturated soils.
The effect of temperature on the effective stress of unsaturated soil is another important
issue that certainly warrants further investigation. There has been an increasing interest toward
fundamental and applied research of the unsaturated soil behavior under elevated temperatures
(e.g., Grant and Salehzadeh 1996; Cekerevac and Laloui 2004; Uchaipichat and Khalili 2009;
Alsherif and McCartney 2015; Yavari et al. 2016; Zhou and Ng 2016; Ng et al. 2017). This
growing interest is stimulated by the emergence of several nonisothermal applications such as
earthen structure-atmosphere interaction under a changing climate, radioactive barriers, nuclear
waste disposal, ground-source heat pumps for geothermal heating/cooling systems, buried high
voltage cables, thermal energy storage systems, and thermally active earthen structures (e.g.,
Brandon et al. 1989; Laloui et al. 2006; Gens and Olivella 2001; Vahedifard et al. 2015; Alsherif
and McCartney 2015; McCartney et al. 2016; Vahedifard et al. 2016; Robinson and Vahedifard
2016; Vahedifard et al. 2017). Some of the aforementioned applications can expose soil to elevated
temperatures up to 100 ºC or even higher. Previous studies have demonstrated the promise in the
use of the effective stress concept for describing the unsaturated soil behavior under elevated
temperatures (e.g., Uchaipichat and Khalili 2009; Alsherif and McCartney 2015; Vega and
McCartney 2015). This observation has led to the incorporation of effective stress into thermo-
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hydro-mechanical (THM) constitutive modeling of unsaturated soils (e.g., Thomas and He 1997;
Loret and Khalili 2002; Laloui et al. 2003; Bolzon and Schrefler 2005; Laloui and Nuth 2009).
The use of effective stress in constitutive modeling of unsaturated soil offers several
advantages including a smooth transition between saturated-unsaturated stages, the ability to
incorporate hysteresis and hydraulic effects, and direct accounting of increase in strength (e.g.,
Sheng et al. 2004; Bolzon and Schrefler 2005). However, despite advances in THM constitutive
models, major gaps still remain in the development of a unified effective stress that can properly
describe all, or the majority of, aspects of the hydro-mechanical behavior of an unsaturated soil
under elevated temperatures. Ideally, such model should be built upon the governing equations
controlling the fully coupled THM behavior of unsaturated soil. Further, the effective stress model
should consider the fact that the temperature can differently affect adsorption and capillarity (see
Fig. 3.1), two main water storage mechanisms in an unsaturated soil (e.g., Lu 2016; Vahedifard et
al. 2018). Several studies have demonstrated the need for incorporating the capillary forces in the
estimation of effective stress for saturated and unsaturated soils (e.g., Bishop 1959; Lambe and
Whitman 1969; Mitchell 1976). Various parameters affect the magnitude of capillary forces in an
unsaturated soil including the particle and pore size, pore water and pore air pressure, degree of
saturation, surface tension and soil-water contact angle (Lu and Likos, 2006; Lu et al., 2010).
Temperature is shown to affect the surface tension, contact angle of the soil-water interface, and
enthalpy, which altogether can inﬂuence the water retention properties of an unsaturated soil (e.g.,
Villar and Gomez 2007; Vahedifard et al. 2018). Further, the adsorbed water, which relates to the
residual saturation, is influenced by temperature (Revil and Lu 2013).
The main objective of this study is to develop closed-form equations to describe the
effective stress of unsaturated soils under nonisothermal conditions. For this purpose, suction
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stress-based formulations are developed for representing effective stress of unsaturated soils
subjected to varying temperature. The formulations incorporate temperature-dependent moist air
pressure and matric suction into the effective stress expression presented by Lewis and Schrefler
(1998). The effective stress equation is presented in a form comparable to Bishop’s effective stress
expression (Bishop 1959) but extended to nonisothermal conditions. The validity of the model is
examined by comparing predicted suction stress values against experimental data reported in the
literature for various soils ranging from clay to sand. The nonisothermal effective stress equations
developed in this study can provide further insight into the behavior of unsaturated soils under
thermal loading. The model can be also readily incorporated in numerical and analytical methods,
leading to more accurate modeling of unsaturated soils subjected to nonisothermal loading
conditions.
3.2

Underlying Theory and Formulations
The current study builds upon the nonisothermal effective stress expression presented by

Lewis and Schrefler (1998), which was originally developed by Schrefler (1984) and Schrefler et
al. (1990) using volume averaging. Employing this skeleton stress equation, we incorporate
temperature-dependent moist air pressure and matric suction into a suction stress-based
representation of effective stress. The latter is achieved by employing a nonisothermal soil water
retention curve (SWRC) accounting for thermal effects on the adsorbed water, surface tension,
contact angle and enthalpy of immersion per unit area. This section provides a concise overview
of the underlying theory of the effective stress expression presented by Lewis and Schrefler (1998).
Interested readers are referred to Lewis and Schrefler (1998) for detailed discussion on the balance
equations, upscaling approach and thermodynamic constraints.
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Following the work by Hassanizadeh and Gray (1979) to apply thermodynamic constraints
satisfying entropy inequality at the macroscopic level, Lewis and Schrefler (1998) used volume
averaging based on the hybrid mixture theory to upscale balance equations from micro-scale to
macro-scale. The microscopic balance equations were integrated over a representative element
volume (REV) (Fig. 3.1) to obtain the corresponding macroscopic balance equations. Lewis and
Schrefler (1998) used four up-scaled balance equations for mass (i.e., mass of solids, water, and
moist air), linear momentum, angular momentum, and energy to derive the macroscopic
mathematical formulations for a porous material subjected to THM processes. Appropriate
constitutive equations were also employed to describe ﬂuid and solid phases. In their formulations,
the primary macroscopic variables include: moist air pressure (dry air pressure plus water vapor
pressure) (ua ) , capillary pressure (matric suction), temperature (T ) , and displacement. The
capillary pressure is calculated as the difference between ua and the pore water pressure (u w )

(i.e.,  = ua − uw ) . Fig. 3.1 schematically shows an unsaturated soil consisting of three constituents
(i.e., solids, water, air) at any temperature. Fig. 3.1b depicts a REV that is used to obtain averaged
macroscopic quantities by integrating (averaging) a microscopic quantity through the averaging
process. Lewis and Schrefler (1998) provide a detailed discussion about REV size requirements
and boundaries between the micro and macro scales. The averaging volume (i.e., REV) can be
centered at each point in the system and must include all phases. The REV should be large enough
so that averages are independent of the REV size and must be sufficiently small so that quantities
such as gradients are meaningful at the macroscopic level.
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Figure 3.1

Unsaturated soil consisting of three constituents at any temperature: a) soil at
macro-scale, b) representative element volume (REV), c) capillary and adsorbed
water

Building upon the fully coupled THM formulation and following the work by Gray and
Hassanizadeh (1991), Lewis and Schrefler (1998) showed that by implementing the balance laws
in the entropy inequality and then imposing the required thermodynamic constraints into the
conservation of linear momentum equation, one can obtain the following form for the
nonisothermal effective stress of unsaturated soils:

𝜎 ′ =𝜎 − (𝑆𝑤 𝑢𝑤 + 𝑆𝑎 𝑢𝑎 )

(3.1)

where σ is the mean effective stress, σ is the total stress of mixture, S w and S a are the degrees
of saturation of water and moist air, respectively. Eq. (3.1) was originally developed by Schrefler
(1984) and Schrefler et al. (1990) using volume averaging and is shown to be thermodynamically
consistent (Gray and Schrefler 2001; Borja 2004). The equation was derived based on the
assumption that the grains are incompressible, as opposed to skeleton (Lewis and Schrefler, 1998).
Eq. (3.1) can be rearranged in a form comparable to Bishop’s effective stress expression (Bishop
1959) but extended to nonisothermal conditions:
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𝜎 ′ =𝜎 − 𝑢𝑎 + 𝜒(𝑢𝑎 − 𝑢𝑤 )

(3.2)

where  is Bishop’s effective stress parameter. While Bishop (1959) originally suggested to
represent  using S w , more recent studies have shown that  can be better represented by (e.g.,
Lu et al. 2010):

𝜒 ≅ 𝑆𝑒

(3.3)

where S e is the effective degree of saturation and can be obtained as:

𝑆𝑒 =

𝑆𝑤 − 𝑆𝑟
𝜃 − 𝜃𝑟
=
1 − 𝑆𝑟
𝜃𝑠 − 𝜃𝑟

(3.4)

where S r is the degree of residual saturation,  ,  s , and  r are the total, saturated and residual
water contents, respectively. Using S e essentially implies that a portion of the water phase (i.e.,
residual water) is physically part of the solid phase because it is immobile.
As will be shown in the next sections, S e (representing  ) and ua can be linked to capillary
pressure, adsorbed water and temperature. Once these two parameters are obtained, one can use
them along with Eq. (3.2) to determine the nonisothermal effective stress of unsaturated soil. The
current study considers the effect of temperature on the pore space. Possible temperature effects
on the solid phase such as the expansion of grains, and possible subsequent changes in the soil
porous structure and solid configuration are not considered in the presented formulations.
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3.2.1

Nonisothermal residual saturation
As suggested by Revil and Lu (2013), in this study the residual water content is considered

to correspond to the adsorbed water. The nonisothermal residual water content can be addressed
through quantifying the effect of temperature on adsorbed water (Vahedifard et al. 2018). By using
a modified form of the Kelvin-Laplace equation, the adsorbed water can be expressed as (Revil
and Lu 2013):

𝜃𝑎 =

𝜃𝑎𝑚𝑎𝑥

𝑀𝑤 𝜓 1/𝑀
(𝑒𝑥𝑝 [−
])
𝑅𝑇

(3.5)

where  amax is the adsorption capacity, M is the adsorption strength, M w = 1.8  10−5 m 3 mol-1 is
the molar volume of water, R = 8.314 J mol-1K -1 is the universal gas constant. The adsorption
strength, M , can be estimated to be equal to the shape fitting parameter of the van Genuchten
(1980) model (Revil and Lu 2013). The non-isothermal residual saturation can be then defined as:

𝑆𝑟 =

𝜃𝑎𝑚𝑎𝑥
𝑀𝑤 𝜓 1/𝑀
(𝑒𝑥𝑝 [−
])
𝜃𝑠
𝑅𝑇

(3.6)

The effective degree of saturation can be calculated as a function of S w and S r , as shown
in Eq. (3.4), or obtained from the temperature-dependent capillary pressure as will be shown in the
following section. The latter is used in the rest of this chapter.
3.2.2

Nonisothermal capillary pressure
In this study, we use the nonisothermal SWRC formulations by Vahedifard et al. (2018),

which consider the effects of temperature on adsorption and capillarity in unsaturated soils. The
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nonisothermal capillary pressure-saturation relationship accounts for the effect of temperature on
surface tension, contact angle and enthalpy of immersion per unit area.
As shown by Grant and Salehzadeh (1996), the temperature dependency of capillary
pressure can be expressed as:

𝜓 = 𝜓 𝑇𝑟 (

𝛽+𝑇
)
𝛽𝑇𝑟 + 𝑇𝑟

(3.7)

where  Tr is the capillary pressure at the reference temperature Tr ,  T is the regression parameter
r

at the reference temperature and the parameter  is calculated as (Grant and Salehzadeh 1996):

𝛽=

−𝛥ℎ
𝐶1

(3.8)

where h is the enthalpy of immersion per unit area and C1 is a constant, which can be determined
as (Grant and Salehzadeh, 1996):

𝐶1 =

𝛥ℎ 𝑇𝑟 + 𝑎(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 𝑇𝑟
𝑇𝑟

(3.9)

where  is the temperature-dependent soil-water contact angle, and a and b are fitting parameters
that can be estimated as (Haar et al., 1984; Dorsey 1940):

𝑎 = 0.11766 ± 0.00045 Nm−1
{
𝑏 = −0.0001535 ± 0.0000015 Nm−1 𝐾 −1

(3.10)

A relationship between the enthalpy and temperature can be established by (Watson 1943):
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1 − 𝑇𝑟 0.38
𝛥ℎ = 𝛥ℎ 𝑇𝑟 (
)
1−𝑇

(3.11)

where hT is the enthalpy of immersion per unit area at the reference temperature. The
r

temperature-dependent form of the contact angle can be obtained follows:

𝑐𝑜𝑠 𝛼 =

−𝛥ℎ + 𝑇𝐶1
𝑎 + 𝑏𝑇

(3.12)

Vahedifard et al. (2018) used the aforementioned equations for nonisothermal capillary
pressure and adsorbed water to extend three commonly used SWRC models originally developed
by Brooks and Corey (1964) (referred to as BC), van Genuchten (1980) (referred to as VG), and
Fredlund and Xing (1994) (referred to as FX) to nonisothermal conditions. Following Grant and
Salehzadeh (1996), all nonisothermal SWRC formulations are written as a function of capillary
pressure at the reference temperature. For this purpose, Eq. 3.7 is rearranged to solve for capillary
pressure at the reference temperature and then is implemented into the SWRC formulations.
As shown by Vahedifard et al. (2018), the BC model can be extended to obtain the
nonisothermal S e , which represents the nonisothermal  in the current study, as follows:

𝜆

𝑆𝑒 = (

𝑝

𝑏

𝛽𝑇 + 𝑇𝑟
𝜓 ( 𝛽𝑟 + 𝑇 )

)

(3.13)

where p b is the bubbling pressure in kPa, and  is the pore size distribution index. Similar to the
BC model, the nonisothermal extension of the VG model is written as follows:
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𝛽𝑇 + 𝑇𝑟
𝑆𝑒 = (1 + (𝛼𝑉𝐺 𝜓 ( 𝑟
))
𝛽+𝑇

𝑛𝑉𝐺 −𝑚𝑉𝐺

(3.14)

)

where VG is a fitting parameter inversely related to the air-entry suction (1/kPa), nVG is the poresize distribution fitting parameter, and mVG is a fitting parameter representing the overall geometry
of the SWRC. In a similar manner, the nonisothermal FX model is expressed as follows
(Vahedifard et al. 2018):
𝛽𝑇𝑟 + 𝑇𝑟 𝑛𝐹𝑋
𝜓( 𝛽 + 𝑇 )
𝑆𝑒 = 𝐶(𝜓) 𝑙𝑛 𝑒 + (
)
𝑎𝐹𝑋
( (
))

−𝑚𝐹𝑋

(3.15)

where C ( ) is a correction factor defined as:

𝛽𝑇 + 𝑇𝑟
𝜓 ( 𝛽𝑟 + 𝑇 )
𝑙𝑛 (1 +
)
𝜓𝑟
𝐶(𝜓) =

1−

(3.16)

𝜓𝑚𝑎𝑥
𝑙𝑛 (1 + 𝜓
)
𝑟

(

)

where  r is matric suction corresponding to the residual water content commonly set to be 1,500
kPa,  max is the maximum matric suction corresponding to zero water content commonly set to be
106 kPa, nFX is a fitting parameter related to pore size distribution, mFX is a fitting parameter
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controlling the overall geometry of the SWRC, and aFX is a fitting parameter related to the airentry suction.
3.2.3

Nonisothermal moist air pressure
To fully define the nonisothermal effective stress, one also needs to properly quantify the

temperature effect on ua . The moist air in the pore system is usually assumed to be a perfect
mixture of two ideal gases, i.e., dry air and water vapor. The pressure and density (  a ) of the moist
air can be considered as:
𝑢𝑎 = 𝑢𝑑𝑎 + 𝑢𝑣𝑎𝑝

(3.17)

𝜌𝑎 = 𝜌𝑑𝑎 + 𝜌𝑣𝑎𝑝

(3.18)

where  da and  vap are the density of dry air and the vapor, respectively.
The two components contributing to the moist air pressure are linked to temperature as
follows (Lewis and Schrefler 1998):
𝑢𝑑𝑎 = 𝜌𝑑𝑎 𝑇𝑅/𝑀𝑎

(3.19)

𝑢𝑣𝑎𝑝 = 𝜌𝑣𝑎𝑝 𝑇𝑅/𝑀𝑤

(3.20)

where M a = 0.028964 kg mol-1 is the molar volume of dry air. In the current study, the dry air
density is assumed to be temperature independent and is taken as 1.2041 kg/m3. The saturated
vapor density  vap (kg/m3) as a function of temperature can be expressed as (Saito et al. 2006):
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𝜌𝑣𝑎𝑝 =

10−3 × 𝑒𝑥𝑝( 31.3716 −

6014.79
− 7.92495 × 10−3 𝑇)
𝑇
𝑇

(3.21)

By substituting Eqs. 3.19 and 3.20 into Eq. 3.17, the complete form of nonisothermal moist
air pressure is defined as:

𝑢𝑎 = (

𝜌𝑑𝑎 𝜌𝑣𝑎𝑝
+
) 𝑇𝑅
𝑀𝑎
𝑀𝑤

(3.22)

One can use the above equation to determine the effect of temperature on the net normal
stress,  − ua . Fig. 3.2 depicts the temperature dependency of the water vapor pressure, dry air
pressure and moist air pressure for temperatures ranging from 10 °C (283 K) to 100 °C (373 K).
The effect of temperature on the moist air pressure is significant, primarily due to an exponential
increase in the water vapor pressure by temperature. The values shown in Fig. 3.2 represent the
absolute values of moist air pressures. For calculating the effective stress, it is common to consider
the moist air pressure compared to the atmospheric pressure ( 101 kPa), leading to a zero value
for the relative moist air pressure at the room temperature.
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Figure 3.2

3.2.4

Temperature dependency of water vapor pressure, dry air pressure and moist air
pressure

Closed-form solution for nonisothermal suction stress and effective stress
The term −  (ua − uw ) in Bishop’s effective stress expression is referred to as suction

stress,  s (e.g., Karube et al. 1996; Lu and Likos 2004, 2006). Using this definition, Bishop’s
effective stress expression can be rewritten as:
𝜎 ′ =(𝜎 − 𝑢𝑎 ) − 𝜎 𝑠

(3.23)

where  s is the suction stress. Under ambient temperature,  s is defined as follows (Lu et al.,
2010):
𝜎 𝑠 = −(𝑆𝑒 𝜓) 𝑇𝑟

(3.24)

The suction stress equation can be extended to nonisothermal conditions as:

𝜎 𝑠 = −𝑆𝑒 𝜓 (

𝛽𝑇𝑟 + 𝑇𝑟
)
𝛽+𝑇
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(3.25)

Alternatively, the nonisothermal suction stress can be obtained by extending the Khalili
and Khabbaz (1998) model as follows:
𝛽𝑇𝑟 + 𝑇𝑟 −𝛺𝐾𝐾
𝜓
(
𝛽𝑇𝑟 + 𝑇𝑟
𝛽+𝑇 )
𝑠
𝜎 = −𝜓 (
)(
)
𝛽+𝑇
𝜓𝑎𝑒𝑣

(3.26)

where  aev is the bubbling pressure or the air entry suction,  KK the effective stress scaling
parameter introduced by Khalili and Khabbaz (1998).
Depending upon the availability of fitting parameters, any of the extended SWRCs
introduced in the previous sections can be used to define S e in Eq. (3.24). The presented equations
for nonisothermal suction stress and moist air pressure can be then substituted into Eq. (3.23) to
develop complete expressions of nonisothermal effective stress. Using the BC model, the
equations for nonisothermal suction stress and effective stress will be:
𝜆
𝑝𝑏

𝜎𝑠 = − (
𝜓(

𝛽𝑇𝑟 +𝑇𝑟

) 𝜓(

𝛽𝑇𝑟 +𝑇𝑟

)
𝛽+𝑇

𝛽+𝑇

(3.27)

)

𝜆
𝜌𝑑𝑎

𝜎 ′ = (𝜎 − ( 𝑀𝑎 +

𝜌𝑣𝑎𝑝
𝑀𝑤

𝑝𝑏

) 𝑇𝑅) + (

𝛽𝑇𝑟 +𝑇𝑟

𝜓(

𝛽+𝑇

) 𝜓(
)

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

)

(3.28)

Employing the VG model, we will have:

𝑠

𝜎 = − (1 + (𝛼𝑉𝐺 𝜓 (

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇
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𝑛𝑉𝐺 −𝑚𝑉𝐺

))

)

𝜓(

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

)

(3.29)

𝛽𝑇 + 𝑇𝑟
𝜌𝑑𝑎 𝜌𝑣𝑎𝑝
+
) 𝑇𝑅) + (1 + (𝛼𝑉𝐺 𝜓 ( 𝑟
))
𝜎 ′ = (𝜎 − (
𝑀𝑎
𝑀𝑤
𝛽+𝑇

𝑛𝑉𝐺 −𝑚𝑉𝐺

)

𝜓(

𝛽𝑇𝑟 + 𝑇𝑟
)
𝛽+𝑇

(3.30)

𝛽𝑇𝑟 +𝑇𝑟

(3.31)

For the FX model:

𝜓(

𝑙𝑛(1+

𝜎𝑠 = − 1 −

𝛽𝑇 +𝑇𝑟
𝑟
)
𝛽+𝑇
𝜓𝑟

)

(𝑙𝑛 (𝑒 + (

𝜓
𝑙𝑛(1+ 𝑚𝑎𝑥 )
𝜓𝑟

(

−𝑚𝐹𝑋
𝑛𝐹𝑋
)
𝛽+𝑇
) ))
𝑎𝐹𝑋

𝛽𝑇𝑟 +𝑇𝑟

𝜓(

𝛽+𝑇

)

)

𝜓(

𝑙𝑛(1+
𝜌𝑑𝑎

𝜎 ′ = (𝜎 − ( 𝑀𝑎 +

(

3.3

𝜓(

𝜓(

𝜌𝑣𝑎𝑝
𝑀𝑤

𝛽𝑇𝑟 +𝑇𝑟

) 𝑇𝑅) + 1 −

)
𝛽+𝑇
)
𝑎𝐹𝑋

𝛽𝑇 +𝑇𝑟
𝑟
)
𝛽+𝑇
𝜓𝑟

)

(𝑙𝑛 (𝑒 +

𝜓
𝑙𝑛(1+ 𝑚𝑎𝑥 )
𝜓𝑟

(
−𝑚

𝑛𝐹𝑋

)

𝐹𝑋

))

𝜓(

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

(3.32)

)

Parametric Study
The proposed equations are employed to quantify the temperature effect on the effective

degree of saturation, suction stress, and effective stress for Shonai dune sand, Pachapa loam, and
Seochang sandy clay. Table 3.1 shows the parameters that are used for calculating the
nonisothermal effective degree of saturation (using the extended VG model) and the suction stress
for each soil. All the parameters except hT values, which are reported for similar soils by Grant
r

and Salehzadeh (1996), are obtained from Lu (2016). In all calculations, the moist air pressure
compared to the atmospheric pressure is used, leading to zero air pressure at the room temperature.
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Table 3.1

Soil
Shonai dune
sand
Pachapa
loam
Seochang
sandy clay

Temperature dependency of water vapor pressure, dry air pressure and moist air
pressure
hTr

VG

(J/m2)

(1/kPa)

5.565

-0.285

0.492

0.461

0.023

4.105

-0.516

0.111

0.144

0.022

1.758

-0.516

0.117

0.228

s

r

nVG

0.43

0.03

0.46
0.42

mVG

Tr (K)

298

Fig. 3.3 illustrates the effective degree of saturation and suction stress versus matric suction
for Shonai dune sand, Pachapa loam and Seochang sandy clay subjected to temperatures ranging
from 25 to 100 °C. For Shonai dune sand, the matric suction varies between 0 to 8 kPa (Fig. 3.3a).
In such low matric suctions, capillarity is the dominant water storage mechanism and adsorption
has minimal effect. It is seen that, for a given suction, higher temperature leads to lower S e . For
example, at the matric suction of 5 kPa, S e decreases by approximately 13%, 39%, 49% and 56%
by increasing the temperature from 25 to 40, 60, 80, and 100 °C, respectively. This reduction can
be attributed to changes in surface tension, contact angle and enthalpy (Vahedifard et al. 2018).
The results for Pachapa loam (Figs. 3.3b and 3.3e) and Seochang sandy clay (Figs. 3.3c and 3.3f)
involve much higher suction values. However, the S e sensitivity to temperature of Pachapa loam
and Seochang sandy clay shows a similar trend to that presented for Shonai dune sand. For
instance, the reduction of S e for Pachapa loam (Fig. 3.3b) is approximately 14, 24, 33 and 48%
by increasing the temperature from 25 °C to 40 °C, 60 °C, 80 °C, and 100 °C, at matric suction of
50 kPa. Further, the reduction of S e for Seochang sandy clay (Fig. 3.3c) is approximately 10, 17,
23 and 36% by increasing the temperature from 25 to 40, 60, 80, and 100 °C, at matric suction of
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100 kPa. For Pachapa loam and Seochang sandy clay, the effect of temperature for suctions higher
than 100 kPa becomes less significant.
The sensitivity of suction stress to temperature is shown in Figs. 3.3d, 3.3e and 3.3f for
Shonai dune sand, Pachapa loam and Seochang sandy clay, respectively. The trend of suction stress
for all three soils is generally affected by temperature-induced changes in suction and effective
degree of saturation. For Shonai dune sand (Fig. 3.3d), the suction stress exhibits a non-monotonic
behavior for each temperature. The absolute magnitude of suction stress first increases as matric
suction increases. For each temperature, this increasing trend continues until reaching the air entry
suction, which is about zero to 2 kPa depending upon the temperature, (see Fig. 3.3a). Beyond the
air entry suction where the soil desaturates and transitions to the capillary zone, the absolute
magnitude of suction stress decreases as long as the suction increases within the capillary zone.
Once the soil reaches the residual saturation, suction stress increases by increases in matric suction.
Applying higher temperatures leads to reduction in the air entry suction and the residual saturation.
While in the saturated and capillary zones, increasing temperature leads to reduction in the absolute
magnitude of suction stress at a given matric suction. After reaching the residual saturation,
applying higher temperature increases absolute magnitude of suction stress at a given matric
suction. The temperature effect in the saturated zone is consistent with the results reported by
Campanella and Mitchell (1968) and Tanaka (1995). Unlike for Shonai dune sand, the suction
stress versus matric suction at each temperature shows a monotonic trend for Pachapa loam (Fig.
3.3e) and Seochang sandy clay (Fig. 3.3f). As expected, the ranges of matric suction and
corresponding suction stress are much wider than that for Shonai dune sand. For Pachapa loam
and Seochang sandy clay, the absolute suction stress gradually increases by increasing temperature
from 25 to 100 °C because the effects of temperature on capillarity is more significant.
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A main advantage of the proposed formulations is that the S e equations only need material
parameters at the reference temperature. That is, p b and  for the BC model, VG , nVG , and mVG
for the VG model, and nFX , mFX , and aFX for the FX model are only needed at the reference
temperature. As clearly shown in Fig. 3.3, employing temperature-dependent contact angle and
enthalpy of immersion addresses the effect of temperature on the air entry suction, which is shown
to decrease as temperature increases.
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Figure 3.3

Effective degree of saturation and suction stress versus matric suction for Shonai
dune sand, Pachapa loam, and Seochang sandy clay at different temperatures

To explicitly show the effect of temperature on effective stress, parametric studies are
performed to determine nonisothermal effective stress at the total stress of 200 kPa, by accounting
for the effect of temperature on the SWRC and moist air pressure. Fig. 3.4 illustrates the effective
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stress versus matric suction for Shonai dune sand subjected to temperatures ranging from 25 to
100 °C. At each temperature, the effective stress minimally increases by increasing matric suction.
The latter is because, as shown previously, Shonai dune sand reaches the residual saturation in a
low matric suction ( 8 kPa), leading to a very small effective saturation throughout the range of
matric suction examined. Fig. 3.4 includes an inset figure to better show the variation of effective
stress at 25 °C in low matric suction values (< 5 kPa). The inset shows a non-monotonic trend in
this low suction range, stemming from the non-monotonic suction stress trend for Shonai dune
sand previously discussed in Fig. 3.3d. A similar non-monotonic trend is observed for the effective
stress in low matric suction values at higher temperatures. As evident in Fig. 3.4, at a given matric
suction, the effective stresses decrease by applying higher temperatures. This observation is
consistent with the experimental results reported in the literature (e.g., Hueckel and Baldi 1990;
Cekerevac and Laloui 2004; Alsherif and McCartney 2015) showing how the increase of
temperature leads to reduction in the net normal stress as well as volumetric thermal expansion.
At very high temperatures (e.g., 100 °C) and low total stresses, the temperature-induced reduction
of the effective stress may possibly lead to negative (tensile) effective stress.

Figure 3.4

Effective stress versus matric suction for Shonai dune sand at various
temperatures, total stress = 200 kPa
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Fig. 3.5 demonstrates the temperature dependency of effective stress for Pachapa loam at
the given total stress of 200 kPa. For each temperature, the effective stress increases as matric
suction increases, with a rate that abruptly rises at high matric suction values. Applying higher
temperatures is shown to decrease the effective stress up to the matric suction of approximately
20,000 kPa, which corresponds to the residual saturation. A similar trend is shown in Fig. 3.6 for
Seochang sandy clay, where the residual saturation is reached at the matric suction of
approximately 1,000 kPa. For these two soils, the temperature-induced reduction in effective stress
up to the residual saturation can be attributed to temperature-induced changes in surface tension
and contact angle, which in turn reduces the air entry value (Vahedifard et al. 2018). In this zone
(i.e., capillarity region), the effects of temperature on effective degree of saturation and moist air
pressure are significant. After reaching the residual saturation, the effects of temperature on
capillarity becomes significant, thus the effective stress increases due to the increase of matric
suction (while changes in effective degree of saturation are minimal). This observation suggests
that heating the soil while the matric suction is in the residual region can lead to an increase in the
effective stress, possibly explaining heat-induced hardening reported in the literature (e.g., Bolzon
and Schrefler 2005; Cekerevac and Laloui 2004; Alsherif and McCartney 2015). It should be noted
that the results beyond the residual suction should be interpreted with caution. Physically speaking,
the phases become disconnected at the residual suction. At this time, imposing higher suctions at
the boundary of sample may not necessarily lead to an equal increase in the suction inside the
disconnected trapped phases due to incompressibility of the wetting phase. Thermodynamic-based
formulations, such as that employed in in this study, may not properly describe suction evolution
for the disconnected phases. Further studies are certainly needed to provide insight into the
variation of nonisothermal effective stress for suction levels higher than the residual suction.
65

Figure 3.5

Effective stress versus matric suction for Pachapa loam at various temperatures,
total stress = 200 kPa

Figure 3.6

Effective stress versus matric suction for Seochang sandy clay at various
temperatures, total stress = 200 kPa
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3.4

Comparison against Experimental Data
Predicted values of nonisothermal effective degree of saturation and suction stress from

the proposed formulations are compared against the results of experimental tests conducted on
super fine sand reported by Roshani and Sedano (2016), Bonny silt reported by Alsherif and
McCartney (2014, 2015), and Gaomiaozi bentonite (GMZ01) reported by Ye et al. (2012). Further,
the results are compared with those predicted by the Khalili and Khabbaz (1998) model (Eq. 3.26).
Table 3.2 shows the fitting parameters used for calculating the nonisothermal effective degree of
saturation and suction stress for the three soils that are examined. The SWRC parameters for each
soil are taken from the original reference and the hT values are adopted from the values reported
r

by Grant and Salehzadeh (1996) for similar soils. The choice of the SWRC model for each soil is
made based upon the model used in the original study.
Table 3.2

Soil

Parameters for calculating nonisothermal effective degree of saturation and suction
stress

SWRC Model

h(Tr )

Tr

(J/m2)

(K)

mFX
aFX = 4.6 kPa,  r
nFX

Super fine
sand

FX

-0.285

293

Bonny silt

VG

-0.516

296

GMZ01
bentonite

SWRC Parameters
= 6.615,

= 0.8488,
= 3.0 MPa

nVG = 1.61, mVG = 0.3788,
VG = 0.33 kPa-1

nFX = 0.8086, mFX = 0.5864,
FX

-0.516

293

aFX = 8.0 MPa,  r = 309 MPa

Fig. 3.7 illustrates the predicted versus measured effective degree of saturation and suction
stress for super fine sand at temperatures 20 and 49 °C. As shown in Figs. 3.7a and 3.7b, the results
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from the proposed formulation are in close agreement with the measured effective degree of
saturation values, with a root mean square error (RMSE) of 2.5 and 3.0. The predictive accuracy
is higher than that from the SWRC model proposed by Roshani and Sedano (2016) (with RMSEs
of 6.82 and 5.33). The SWRC model by Roshani and Sedano (2016) is an extended version of the
FX model. The Roshani and Sedano (2016) SWRC model only accounts for the effect of
temperature on the surface tension, leading to a lower accuracy than the model in the current study
that considers the effects of temperature on the surface tension, the soil-water contact angle and
adsorption by the enthalpy of immersion per unit area (Vahedifard et al. 2018).
Figs. 3.7c and 3.7d compare the suction stress predicted from Eq. (3.31) with the
experimental measurements by Roshani and Sedano (2016) and the predictions by the Khalili and
Khabbaz (1998) model. The “measured suction stress” values shown in Figs. 3.7c and 3.7d are
obtained by multiplying the measured matric suction by the measured effective saturation for each
point as reported in the original reference. As shown, there is a very good agreement between the
experimentally measured values and those attained from the proposed model (RMSE of 0.16 and
0.19). The proposed model yields lower error than the Khalili and Khabbaz (1998) model (with
RMSE of 0.85 and 0.92). In particular, the proposed model is able to capture the non-monotonic
trend of suction stress observed in the saturated and capillary zones for sandy soils, as discussed
before for Fig. 3.3d.
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Figure 3.7

Measured and predicted effective degree of saturation and suction stress for super
fine sand at temperatures 20 °C and 49 °C

Figs. 3.8a and 3.8b depict the measured and predicted effective degree of saturation for
Bonny silt at temperatures of 23 °C (Fig. 3.8a) and 64 °C (Fig. 3.8b). The comparison reveals that
the proposed model (Eq. 3.14) can accurately replicate the experimental results. The effect of
temperature on effective degree of saturation becomes insignificant at higher suction values that
correspond to the residual region. Figs. 3.8c and 3.8d illustrate the measured and predicted suction
stress values at temperatures 23 °C and 64 °C, respectively. Here also the data points obtained
from the current model are closer to the experimental data than those predicted by the Khalili and
Khabbaz (1998) model. The effect of temperature on the suction stress at high matric suction
values is more evident, which is due to the significant increase of matric suction while the effective
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degree of saturation remains almost constant in this region. It is noted that the experimentally
measured points used to create Fig. 3.8 do not include data in the central portion of the retention
curve, where the degree of saturation changes substantially. It would be desirable to have more
test results in the central portion of the retention curve to gain a better understanding about the
performance of the proposed formulations compared to other existing propositions.

Figure 3.8

Measured and predicted effective degree of saturation and suction stress for Bonny
silt at temperatures 23 °C and 64 °C

Figs. 3.9a and 3.9b show a comparison between the experimentally measured effective
degree of saturation data reported by Ye et al. (2012) and those predicted by the proposed model
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(Eq. 3.15) for GMZ01 bentonite at temperatures 20 °C and 60 °C, respectively. The results show
a very good match between the measured and predicted values (RMSEs of 1.1 and 0.9). Similarly,
Figs. 3.9c and 3.9d suggest that the suction stress values from the proposed model (Eq. 3.29)
(RMSEs of 7.21 and 0.45) correspond very well with the measured points and better than from the
Khalili and Khabbaz (1998) model (RMSEs of 11.74 and 3.27). The differences between the
proposed nonisothermal suction stress and the Khalili and Khabbaz (1998) model can be explained
as follows. The Khalili and Khabbaz (1998) model is a simple yet accurate model but it only uses
one parameter (i.e., the effective stress scaling parameter) and a constant air entry suction. This
allows this model to provide an accurate prediction for the suction stress at the ambient
temperature. However, the proposed model in this study accounts for the effects of temperature on
adsorption and capillary pressure as a function of contact angle, surface tension and enthalpy.
Another possible reason for the better performance of the proposed model compared to the Khalili
and Khabbaz (1998) model can be due to the fact that the “measured suction stress points” for the
proposed model in the current study are obtained based on the assumption that suction stress is
equal to matric suction multiplied by the effective saturation. This assumption has been extensively
tested and validated under isothermal conditions (e.g., Lu et al. 2010). Further studies are needed
to examine the validity of this assumption for nonisothermal conditions. For future studies, upon
availability of appropriate experimental test results, it is suggested to back calculate suction stress
values directly from temperature-controlled triaxial test results for a more thorough comparison of
the proposed model against other equations of suction stress.
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Figure 3.9

Measured and predicted effective degree of saturation and suction stress for
GMZ01 bentonite at temperatures 20 °C and 60 °C
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CHAPTER IV
A GENERAL MODEL FOR THERMAL CONDUCTIVITY FUNCTION OF UNSATURATED
SOILS CONSIDERING EFFECTS OF WATER CONTENT, TEMPERATURE AND
CONFINING PRESSURE
This chapter has been submitted for review and possible publication in a scholarly
journal. The paper is currently under peer review process while this dissertation has been written.
This chapter has been reformatted and replicated herein with minor modifications in order to outfit
the purposes of this dissertation.

4.1

Introduction and Background
Heat transfer in soils is governed by thermal properties, especially thermal conductivity,

heat capacity, and thermal diffusivity. The thermal conductivity of soils has a notable inﬂuence on
many geotechnical and geoenvironmental engineering applications. Examples of such engineering
applications include groundwater exploration (Lu and Ge, 1996), radioactive waste disposal
(Zhang et al., 1994), climate change (Robinson and Vahedifard, 2016; Vahedifard et al., 2016,
2017), energy foundation systems (Preene and Powrie, 2009; Coccia and McCartney, 2012;
McCartney et al., 2013; Alsherif and McCartney, 2015), and geothermal energy (Ebigbo 2005;
Cortes et al., 2009; Yang et al., 2010). There are many factors that affect the thermal conductivity
of unsaturated soils but these can be separated into three groups (e.g., Jin et al., 2017; McCartney
et al., 2019): (1) index characteristics of soils, including the texture, shape, mineralogy
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composition, and size; (2) structural conditions, which involve the void ratio and the arrangement
of particles; and (3) the physical mechanisms such as the effects of water content, temperature,
and stress level.
Previous experimental studies (e.g., Gangadhara Rao and Singh, 1999; Tarnawski et al.,
2009; Zhang et al., 2017) show that different index characteristics and mineral compositions in
soils result in different thermal conductivities. A soil with particles of larger shape and size exhibits
higher thermal conductivity (e.g., Aduda, 1996; Esch, 2004, Zhang et al., 2017). It is also observed
that soil with tighter texture of soil particles will increase the thermal conductivity at given particle
sizes (Smith, 1942; Sahimi and Tsotsis, 1997). Structural conditions representing void ratio and
particle arrangement are shown to considerably affect the thermal conductivity of soils. For
instance, the soil density is a key factor for heat transfer (Smith 1942; Brandon and Mitchell, 1989).
The reduction in void ratio leads to an increase in thermal conductivity (Brandon and Mitchell
1989; Yun and Santamarina, 2008). This is due to the fact that the change in void ratio will affect
the quality of interparticle contacts and the pore space.
The magnitude of thermal conductivity in unsaturated soils is controlled by heat transfer
within the interparticle contacts and heat loss to the pore space. In terms of dominating physical
factors, several experimental results prove that increases in water content will increase the thermal
conductivity (Chen, 2008; Tarnawski et al., 2013; Lu and Dong, 2015; Jin et al., 2017; Zhang et
al., 2017) because the flow of water, in liquid and vapor forms, directly affects the heat transfer.
Further, the thermal conductivity of unsaturated soils increases as the confining pressure increases
(e.g., Vargas and McCarthy, 2001; Yun and Santamarina, 2008; Yao et al., 2019) since the
confining pressure results in higher packing density and trapping of small particles in between the
larger pore spaces. This also reduces the void ratio of soil due to rearrangement of particles.
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Temperature is another physical factor dominating the thermal conductivity in unsaturated soils.
Since changes in the temperature affect pore structure, degree of saturation, and heat transfer
mechanisms, it plays a significant role on the magnitude of thermal conductivity in unsaturated
soils (e.g., de Vries, 1963; Johansen, 1975; Kasubuchi, 1992; Kasubuchi and Hasegawa, 1994;
Campbell et al., 1994; Smits et al., 2013; Moradi et al., 2016; Yao et al., 2019).
Over the past few decades, several attempts have been made to develop analytical models
to describe the thermal conductivity function (TCF), which establishes a constitutive function
between the thermal conductivity and water content (or suction) in soils. The majority of these
TCF models are comprehensively reviewed by several articles in the literature (e.g., Dong et al.,
2015; Zhang and Wang, 2017; Zhang et al., 2017). The first TCF model can be credited to de Vries
(1963), who proposed mathematical models for determining the thermal conductivity of soils
based on their physical properties. The advantage of the de Vries model is that a fitting parameter
is not needed. Campbell et al. (1994) and Tarnawski et al. (2000a, 2000b) investigated temperature
effects on thermal conductivity of unsaturated soils. Slavin et al. (2000) defined a model to
determine the thermal conductivity of solid spherical particles immersed in a static ﬂuid. Hu et al.
(2001) and Gori and Corasaniti (2002) employed capillary pressure-saturation relationships to
develop TCF models for an unconsolidated porous medium under temperature effects. Côté and
Konrad (2005) and Lu et al. (2007) utilized a sigmoidal shape to model the TCF, which is
controlled by an empirical fitting parameter based on the effects of grain size, pore size, and pore
water. Haigh (2012) and Dong et al. (2015) presented TCF models based on the assumption of
perfectly spherical soil grains, to match experimental data on the curved shape of thermal
conductivity-water content for binary mixtures. Lu and Dong (2015) provided a model that
employs two soil-specific parameters, soil particles, and the pore fluid network connectivity,
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within the funicular regime. Wallen et al. (2016) used the Lu and Dong (2015) model to analyze
thermal conductivity of binary sand mixtures for different degrees of saturation. Zhang et al.
(2017) developed a TCF model by considering the effect of water content, dry density, particle
size, and mineral composition. Samarakoon and McCartney (2019) developed a model by
considering the temperature effects on thermal conductivity that emerge from heat transfer by
conduction and convection while ignoring its effects on pore fluid properties. They introduced two
fitting parameters to account for vapor diffusion.
While several TCF models have been proposed in the literature, gaps remain to be filled
regarding the development of a general TCF model that can account for all, or the majority of,
dominating physical mechanisms on thermal conductivity of unsaturated soils. For instance, the
existing TCF models do not account for the effects of confining pressure, nor do they consider
thermal induced changes in pore structure and degree of saturation. To fill this gap, the current
study proposes a new TCF model for unsaturated soils by considering the temperature effects on
pore structure, degree of saturation, different heat transfer mechanisms (i.e., conduction,
convection, and latent heat of vaporization), and the confining pressure. A parametric analysis is
conducted on the proposed TCF model to illustrate changes in the thermal conductivity of three
different soils under temperatures ranging from 25 °C to 100 °C, and confining pressures ranging
from 0 to 300 kPa. Accuracy of the proposed model is evaluated by comparing it against several
sets of experimental data and alternative TCF models available in the literature.
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4.2
4.2.1

Model Development and Analytical Derivation
Underlying Theory and General Functional Form
Fig. 4.1 schematically show the conceptual model used to develop the TCF model in this

study. To account for various factors affecting the thermal conductivity of unsaturated soils, the
proposed TCF model is constituted by considering three distinct yet interrelated factors:
1. TCF is linked to the soil water retention curve (SWRC) while accounting for two main
water storage mechanisms (i.e., capillary and adsorption). Since water has higher
thermal conductivity than dry soil or air, the higher the water content, the higher the
thermal conductivity.
2. The impact of temperature is another important factor affecting the thermal
conductivity of unsaturated soils, through convective water-vapor flow and phase
changes or latent heat transfer (e.g. de Vries, 1987; Campbell et al., 1994; Tarnawski
and Gori, 2002; Smits et al., 2013; Moradi et al., 2016; Yao et al., 2019).
3. Changes in confining pressure impose variation of thermal conductivity of unsaturated
soils, due to the internment of pore network and soil particles (e.g., Yun and
Santamarina, 2008; Yao et al., 2014, 2019).
The current study presents a general TCF model based on the aforementioned three primary
factors as depicted in Fig. 4.1. The proposed model is established by: (1) the temperature effects
on thermal conductivity is considered by linking the TCF to a nonisothermal SWRC (Vahedifard
et al., 2018), which can capture the effect of temperature on capillary and adsorbed water, while
the capillary part accounts for the temperature effects on enthalpy, contact angle, and surface
tension (Fig. 4.1a). Further, as shown in Fig. 4.1b, the TCF accounts for the effect of elevated
temperatures on heat transfer mechanisms through a decay function; (2) based on the concept
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shown in Fig. 4.1c, the effect of confining pressure on the TCF is taken into account. The general
model for thermal conductivity of unsaturated soils,  , under nonisothermal conditions can be
expressed as:
𝜆 = 𝜆𝑇𝑒𝑚𝑝 + 𝜆𝐶𝑃

(4.1)

where  Temp is the thermal conductivity considering the variation of both water content and
temperature, and  CP is the thermal conductivity induced due to the effects of confining pressure.
The former is given by:

𝜆𝑇𝑒𝑚𝑝 = 𝜆𝑁𝑆𝑊𝑅 + 𝜆𝐻𝑀

(4.2)

where  NSWR is the thermal conductivity linked to the nonisothermal SWRC to account for the
effect of temperature on pore structure and degree of saturation, and  HM is the thermal
conductivity induced by the temperature effect on heat transfer mechanisms.
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Figure 4.1

4.3
4.3.1

TCF model for unsaturated soils: a)  NSWR , thermal conductivity linked to the
nonisothermal SWRC to account for the effect of temperature on pore structure
and degree of saturation, b)  HM , thermal conductivity induced by the temperature
effect on heat transfer mechanisms, c)  CP , the thermal conductivity induced due
to the effects of confining pressure, and d)  , total thermal conductivity (
 =  NSWR +  HM +  CP ).

Temperature Effects on Thermal Conductivity
Linkage to nonisothermal SWRC
Several studies have demonstrated the linkage between the TCF and the SWRC, which

allows to account for the effect of water content (or suction) on thermal conductivity of unsaturated
soils (e.g., Côté and Konrad, 2005; Lu and Dong, 2015). The SWRCs, defined as a relationship
between the matric suction and water content, may have four different stages of desaturation based
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on capillarity and adsorption mechanisms of the soil (Fig. 4.1). These are generally categorized as:
(1) hydration, which refers to the water attracted by intermolecular forces by van der Waals,
electrical, osmotic, and hydration components, (2) pendular or discontinuous water phase, where
the water forms menisci near particles, (3) funicular or continuous water phase, where menisci are
interconnected with each other, and (4) capillary, where air phase is in the form of bubbles (Lu
and Likos, 2004, 2006). Considering these four soil water retention regimes demonstrated in Fig.
4.1, the thermal conductivity will change distinctly as the water content changes from one to
another retention regime (e.g., Johansen, 1975; Côté and Konrad, 2005; Lu et al., 2007; Dong et
al., 2015; Lu and Dong, 2015). Considering this aspect, Lu and Dong (2015) proposed a TCF
model using a sigmoidal function of the pore fluid network connectivity parameter, m, and the
total water content at ambient conditions as:

𝑚

1−𝑚
𝑚

𝑚

1−𝑚
𝑚

𝜃
𝜆 = 𝜆𝑠𝑎𝑡 − (𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦 ) [1 + ( ) ]
𝜃𝑓

(4.3)

or in terms of the degree of saturation, S , as:

𝑆
𝜆 = 𝜆𝑠𝑎𝑡 − (𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦 ) [1 + ( ) ]
𝑆𝑓

where

(4.4)

sat and dry are the thermal conductivity at saturated and dry states, respectively,  f and

S f are the volumetric water content and degree of saturation at which the funicular regime starts,

m

is defined as the pore fluid network connectivity parameter for thermal conductivity. Lu and

Dong (2015) showed that  f , S f and m are linearly correlated to the residual water content (  r
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), residual degree of saturation ( S r ) and fitting parameter ( nVG ) of the van Genuchten (1980) SWRC
model, respectively.
Johansen (1975) proposed empirical formulations to estimate

sat

and dry using index

properties of soils as:

𝜆𝑑𝑟𝑦 =

0.135𝜌𝑑 + 0.0647
𝜌𝑝 − 0.947𝜌𝑑

𝜆𝑠𝑎𝑡 = 𝜆𝑠 1−𝑛 𝜆𝑤 𝑛

(4.6)

𝜆𝑠 = 𝜆𝑞 𝑞 𝜆𝑜 1−𝑞

(4.7)

where  p is the particle density, d is the dry density,
soil solids,

(4.5)

s

is the effective thermal conductivity of

w is the thermal conductivity of water (0.594 W m-1 K-1), q is the thermal

conductivity of quartz (7.69 W m-1 K-1 as defined in Campbell et al., 1994), q is the quartz content
of total solids, and

o is the thermal conductivity of other minerals (2.0 W m-1 K-1).

Considering the intrinsic linkage between the TCF and the SWRC and to account for the
effect of temperature, the TCF model of Lu and Dong (2015) is extended by incorporating the
temperature-dependent SWRC model recently developed by Vahedifard et al. (2018, 2019). The
temperature-dependent SWRC model accounts for the effect of temperature on capillarity and
adsorption. Thermal induced changes in capillary pressure (commonly referred to as matric
suction) can be captured through quantifying the temperature dependency of surface tension,
contact angle, and enthalpy of immersion (Vahedifard et al., 2018). If the wetting coefficient,
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enthalpy, and water-air surface tension are functions of temperature, the temperature-dependent
matric suction can be determined as (Grant and Salehzadeh, 1996):
𝜓 = 𝜓 𝑇𝑟 (

where 

𝛽+𝑇
)
𝛽𝑇𝑟 + 𝑇𝑟

(4.8)

= ua − uw is matric suction at an arbitrary temperature T (in K),  Tr is matric suction at

the reference temperature,

ua is the pore-air pressure, and u w is the pore-water pressure. The

parameter  is calculated as (Grant and Salehzadeh, 1996),

𝛽=

−𝛥ℎ𝑇𝑟
−𝛥ℎ + 𝑎′(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 𝑇𝑟

(4.9)

where  is the temperature-dependent contact angle, and h is the enthalpy of immersion per unit
area. The enthalpy is determined through experimental measurements or by using differential
enthalpy of adsorption of the vapor (Everett, 1972; Vahedifard et al., 2020). A reduction of the
enthalpy by increasing temperature, as suggested by Watson (1943), is considered as:

𝛥ℎ = 𝛥ℎ 𝑇𝑟 (

1 − 𝑇𝑟 0.38
)
1−𝑇

(4.10)

where hTr is the enthalpy of immersion per unit area at the reference temperature.
Eqs. 4.8 to 4.10 can be employed to extend the SWRC model of van Genuchten (1980) to
temperature-dependent conditions. The total water content given by the van Genuchten (1980)
SWRC model under ambient temperature is:
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(4.11)

𝜃 = 𝜃𝑎 + (𝜃𝑠 − 𝜃𝑎 )(1 + (𝛼𝑉𝐺 𝜓)𝑛𝑉𝐺 )−𝑚𝑉𝐺

where  ,  s , and  a are the total water content, the saturated water content and the adsorbed water
content, respectively,

VG

is a fitting parameter inversely related to the air-entry suction (1/kPa),

and mVG is a fitting parameter representing the overall geometry of the SWRC, commonly assumed
to be mVG = 1-1/ nVG . The full expression of temperature-dependent SWRC model is written as
(Vahedifard et al., 2018):
1/𝑀
)
𝛽+𝑇
])
𝑅𝑇
𝛽𝑇𝑟 +𝑇𝑟

𝜃 = 𝜃𝑎𝑚𝑎𝑥 (𝑒𝑥𝑝 [−

𝜃𝑎𝑚𝑎𝑥 (𝑒𝑥𝑝 [−

𝑀𝑤 𝜓(

1/𝑀
)
𝛽+𝑇
]) ) (1
𝑅𝑇

𝑀𝑤 𝜓(

𝛽𝑇𝑟 +𝑇𝑟

+ (𝛼𝑉𝐺 𝜓 (

+ (𝜃𝑠 −

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑛𝑉𝐺 −𝑚𝑉𝐺

))

(4.12)

)

where  a max is the adsorption capacity, M w is the molar volume of water, and R is the universal
gas constant. A key feature of the extended van Genuchten SWRC model is that the formulation
only needs the SWRC fitting parameters at the ambient temperature with hTr being the sole
additional parameter needed to account for the effect of temperature.
By substituting the water content obtained from the extended van Genuchten model (Eq.
4.12) into Eq. 4.3 or Eq. 4.4, respectively, one can extend the Lu and Dong (2015) model to
nonisothermal conditions and determine  NSWR in terms of water content as:
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𝜃

𝜆𝑁𝑆𝑊𝑅 = 𝜆𝑠𝑎𝑡 − (𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦 ) [1 + (𝜃𝑎 +
𝑓

(𝛼𝑉𝐺 𝜓 (

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑚
𝑛𝑉𝐺 1/𝑛𝑉𝐺 −1

))

)

(𝜃𝑠 −𝜃𝑎 )
𝜃𝑓

(1 +
(4.13)

1−𝑚
𝑚

) ]

Or, in terms of the degree of saturation:

𝑆

𝜆𝑁𝑆𝑊𝑅 = 𝜆𝑠𝑎𝑡 − (𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦 ) [1 + (𝑆𝑎 +
𝑓

(𝛼𝑉𝐺 𝜓 (

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑚
𝑛𝑉𝐺 1/𝑛𝑉𝐺 −1

))

)

(1−𝑆𝑎 )
𝑆𝑓

(1 +

1−𝑚
𝑚

(4.14)

) ]

where S a is the degree of saturation of adsorbed water. To illustrate the dependency of  NSWR on
the nonisothermal SWRC, the proposed equations are exercised with the input parameters listed
in Table 4.1. hTr values are reported for similar soils by Grant and Salehzadeh (1996) and all
other parameters are obtained from Lu (2016) and Lu and Dong (2015).
Figs. 4.2a, 4.2b, and 4.2c illustrate the total water content versus matric suction for Georgia
kaolinite, Bonny silt, and Ottawa sand, respectively, subjected to temperatures from 25 °C to 100
°C. For a given suction, higher temperature leads to lower water content. This reduction can be
attributed to changes in surface tension, contact angle, and enthalpy (Vahedifard et al. 2018). The
results show that the effect of temperature for matric suctions higher than 10000 kPa for Georgia
kaolinite and 100 kPa for Bonny silt becomes less significant, respectively. For Ottawa sand, the
matric suction varies between 0 to 10 kPa (Fig. 4.1c). In such low matric suctions, capillarity is
the dominant water storage mechanism and adsorption has less effect.
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The effect of changes in water content and temperature sensitivity on  NSWR is depicted in
Figs. 4.2d, 4.2e, and 4.2f for Georgia kaolinite, Bonny silt, and Ottawa sand, respectively. The
trend for all three soils is generally affected by temperature-induced changes in matric suction and
total water content. Therefore,  NSWR for all soils due to higher temperatures is affected by the water
retention mechanisms (Figs. 4.2a, 4.2b, and 4.2c). For all three soils,  NSWR exhibits a monotonic
increase and then becomes constant for temperatures ranging from 25 °C to 100 °C. For each
temperature, the increasing trend of  NSWR continues as long as the water content (or matric
suction) varies within the capillary regime. For all soils at a given water content, the increase in
temperature can enhance the thermal conductivity. On the other hand, for both dry and saturated
conditions, the temperature dependence of thermal conductivity is negligibly small. As water
content increases with temperature, there is enhanced heat conduction through water and soil
particles since they are superior in conducting heat than the air medium. At relatively low water
content, the soil has air pores therefore a reduction in  NSWR is noted.
The thermal-induced increase in thermal conductivity is because the temperature
significantly aﬀects the menisci of the water bridges (liquid-solid) of particles, which leads to the
more air space between particles provided by the reduction of water content up to the funicular
water content. Beyond the funicular water content, the air becomes continuous and water meniscus
discontinuous hence further decreases the thermal conductivity but with less rate till dry region,
where the temperature does not have much influence on  NSWR . The peak of thermal conductivity
is higher for coarse-grained soils like sand (Fig. 2f) compared to fine-grained soils (Figs. 4.2d and
4.2e). This could be due to coarse particles, due to the absence of heat resistance, conducts heat
better compared to fine particles. These observations are consistent with the laboratory test results
reported in the literature (e.g., Hiraiwa and Kasubuchi, 2000; Smits et al., 2013; Xu et al., 2016).
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For comparison, the percentage change of thermal conductivity with temperature is
calculated for all three soils at a water content of 0.1. Increase in  NSWR for Georgia kaolinite (Fig.
4.2d) is approximately 22%, 39%, 53%, and 75% as the temperature increases from 25 °C to 40
°C, 60 °C, 80 °C, and 100 °C. For Bonny silt (Fig. 4.2e), the increase in  NSWR is approximately
14%, 24%, 32%, and 43% as the temperature increases from 25 °C to 40 °C, 60 °C, 80 °C, and
100 °C. Further, this increase for Ottawa sand (Fig. 4.2f) is approximately 15%, 34%, 38%, and
38% by increasing the temperature from 25 °C to 40 °C, 60 °C, 80 °C, and 100 °C.
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Figure 4.2
4.3.2

SWRC and 
versus total water content at different temperatures for different
soils: (a & d) Georgia kaolinite, (b & e) Bonny silt, and (c & f) Ottawa sand.
NSWR

Effect of elevated temperature on heat transfer mechanisms
At elevated temperatures, further considerations are needed to address the physical

phenomena of convection of pore water in both liquid and vapor phases, and heat energy consumed
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due to phase change/latent heat transfer due to vaporization and condensation. In addition to the
temperature effects on fluid properties, the thermally induced vapor diffusion in thermal
conductivity formulation is considered in this section to address temperature effects on heat
transfer mechanisms (i.e., conduction, convection, and latent heat flux). As the thermally induced
vapor diffusion increases, the water content decreases due to the considerable amount of air voids
for flow. Similar to Samarakoon and McCartney (2019), this study proposes a decay function of
the degree of saturation (Fig. 4.1b) to address the increase of thermal conductivity due to the effect
of elevated temperature by heat transfer mechanisms as:

𝜆𝐻𝑀 = −(𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦 )

𝑇 − 𝑇𝑟
𝑚𝑆 𝑙𝑛( 𝑆𝑇𝑟 )
𝑇𝑟

(4.15)

where STr is the degree of saturation at the reference temperature. The formulation proposed by
Samarakoon and McCartney (2019) requires two fitting parameters to incorporate vapor diffusion.
However, no additional fitting parameters are required in the proposed formulation in this study.
Further, this study considers the temperature dependency of the degree of saturation, which was
not accounted for in Samarakoon and McCartney (2019).
Input parameters shown in Table 4.1 are used for calculating  HM at elevated temperatures.
The sensitivity of  HM to temperature is illustrated in Figs. 4.3a, 4.3b, and 4.3c for Georgia
kaolinite, Bonny silt, and Ottawa sand, respectively. The trend of  HM for all three soils is
generally affected by temperature-induced changes in vapor diffusion. At the reference
temperature (i.e., T = 25 °C),  HM remains constant with changes in total water content for all
three soils but exhibits a non-monotonic behavior at higher temperatures. As shown for elevated
temperatures,  HM initially increases with total water content since the thermally induced vapor
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diffusion increase. For each temperature, this increasing trend continues until the funicular water
content  f , where the meniscus is still in a continuous state. Here, the water content is dependent
on the temperature and the type of soil (see Figs. 4.3a, 4.3b, and 4.3c). Close to the funicular water
content, the contribution of thermally-induced vapor diffusion reaches a peak as the water content
decreases due to the greater availability of air-filled voids for flow. Beyond  f ,  HM decreases as
the water content increases. As water evaporates on hot surfaces, thermally induced vapor
diffusion becomes a key heat transport mechanism along with water vapor movement in wet soils.
The water vapor transports the latent heat of vaporization for a unit mass of water. The flows of
heat and water vapor flow are both affected by the temperature gradient in the soil. The prominence
of this phenomenon is at high temperatures only. At low temperatures, the contribution of vapor
diffusion is small, leading to a negligible latent heat component (Cass et al., 1984).
The parametric study trends shown in Fig. 4.3 are similar to the experimental data reported
in Cass et al. (1984) and Clutter and Ferré (2018). The trend of  HM by temperature depends on
the degree of saturation of the soil that illustrates how the space gaps between particles are filled.
It controls the movement of water vapor and the transfer of latent heat induced under higher
temperatures (Smits et al., 2013; Xu et al., 2019).
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Figure 4.3

Variation of  with water content at different temperatures: a) Georgia
kaolinite, b) Bonny silt, and c) Ottawa sand.
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4.3.3

Effects of Confining Pressure on Thermal Conductivity
Confining pressure is another important parameter that affects the thermal conductivity of

soils. This effect is schematically illustrated in Fig. 4.1c. Under unsaturated conditions, the soil
mass has both air and water in the pore space. Depending on the degree of saturation, the pore air
or the pore water can be either continuous or discontinuous. An increase in the confining pressure
can lead to a higher packing density due to occupancy of small particles in between the larger pore
spaces that formed under lower confining pressure or stress history of the soil (Yun and
Santamarina, 2008). Using a set of laboratory tests, Yao et al. (2019) showed an increase in the
thermal conductivity of unsaturated soils under higher confining pressures. The changes in thermal
conductivity can be attributed to the pore water redistribution and larger interface contact area of
solid particles. To incorporate the effect of confining pressures into the TCF, this study proposes
a new relationship as follows:

𝜆𝐶𝑃 = (𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦 )𝑆𝑇𝑟 𝑙𝑛 (𝑚𝑓(𝑒)

(𝜎3 − 𝑢𝑎 )
)
𝑃𝑎

(4.16)

where ( 3 − ua ) is the net normal stress representing the net conﬁning pressure, Pa is the
atmospheric pressure (~101 kPa) used as a normalizing parameter, and  3 is the total confining
stress. In this equation, f (e) represents a function accounting for the effect of void ratio and can
be expressed as (Hardin, 1978):

𝑓(𝑒) =

1
0.3 + 0.7𝑒 2
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(4.17)

where e is the void ratio. Hardin (1978) proposed this void ratio function to account for the
rearrangement of particles due to the confining pressure for other applications (e.g., small strain
shear modulus of soils). However, the same phenomenon (i.e., rearrangement of particles due to
the confining pressure) is applicable and needs to be captured when modeling the TCF. Thus, the
function is adopted in this study.
To illustrate the effects of confining pressure on  CP at a constant degree of saturation, the
proposed equations are employed for Georgia kaolinite, Bonny silt, and Ottawa sand. The input
parameters in Table 4.1 are used for calculating  CP at different confining pressures. At a constant
degree of satu. For all three soils,  CP is affected by confining pressure and monotonically
increases with the confining pressure. The increase in  CP is less pronounced for confining
pressures less than the atmospheric pressure. In this range, the pore pressure generated in the soil
matrix at any given degree of saturation can resist the effect of low confining pressures, leading to
small changes in volumetric strain or interface contact area of solid particles. This translates into
insignificant changes in the thermal conductivity of soils. Beyond Pa , the confining pressure can
significantly affect the pore water redistribution and results in a larger interface contact area of
solid particles, implying more significant increases in  CP .
Table 4.1

Input parameters used for parametric study
SWRC parameters*

Soil

hTr

VG

s

 amax

Georgia
kaolinite

0.57

0.043

-0.516

1.42

0.008

Bonny silt

0.47

0.020

-0.516

1.43

Ottawa
sand

0.40

0.017

-0.285

4.50

-2

(Jm )

nVG

-1

Thermal parameters**

m

dry

sat

-1

f

(Wm K )

(Wm-1K-1)

2.92

1.56

0.24

0.087

0.050

2.62

1.28

0.37

0.062

0.282

1.93

2.50

0.23

0.032

(kPa )

-1

* reported in Lu (2016) except hTr , is taken from Grant and Salehzadeh (1996), ** reported in Lu and Dong (2015)
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For comparison purposes, the percentage variation of thermal conductivity is quantified for

STr = 0.2 at various confining pressures. The increase in  CP for Georgia kaolinite is
approximately 4%, 12%, 20%, and 24% as the confining pressure increases from 0 kPa to 50 kPa,
100 kPa, 200 kPa, and 300 kPa. For Bonny silt, the increase in thermal conductivity is
approximately 5%, 10%, 16%, and 19% by increasing the confining pressure from 0 kPa to 50
kPa, 100 kPa, 200 kPa, and 300 kPa. Further, the increase in  CP for Ottawa sand is approximately
8%, 22%, 35%, and 43% by increasing the confining pressure from 0 kPa to 50 kPa, 100 kPa, 200
kPa, and 300 kPa. The trends are consistent with those reported from laboratory test results in the
literature (Yun and Santamarina, 2008; Yao et al. 2014, 2019).

Figure 4.4

4.3.4

Predicted  CP versus confining pressure for Georgia kaolinite, Bonny silt, and
Ottawa sand at: a) STr = 0.2 and b) STr = 0.8.

Complete Closed-Form TCF Model
By substituting Eqs. 4.13, 4.14, 4.15, and 4.16 into Eq. 4.1, the general TCF model for

unsaturated soils can be written as follows:

93

𝜃

𝜆 = 𝜆𝑠𝑎𝑡 − (𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦 ) [1 + (𝜃𝑎 +

(𝜃𝑠 −𝜃𝑎 )
𝜃𝑓

𝑓

(𝛼𝑉𝐺 𝜓 (

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑚
𝑛𝑉𝐺 1/𝑛𝑉𝐺 −1

))

)

(1 +

[1−𝑚

(4.18)

𝑚

) ]

+

𝑇−𝑇𝑟
𝑇𝑟

𝑚𝑆 𝑙𝑛( 𝑆𝑇𝑟 ) − 𝑆𝑇𝑟 𝑙𝑛 (𝑚𝑓(𝑒)

(𝜎3 −𝑢𝑎 )
𝑃𝑎

)
]

Or, in terms of the degree of saturation:

𝑆

𝜆 = 𝜆𝑠𝑎𝑡 − (𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦 ) [1 + (𝑆𝑎 +
𝑓

(𝛼𝑉𝐺 𝜓 (

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑚
𝑛𝑉𝐺 1/𝑛𝑉𝐺 −1

))

)

(1−𝑆𝑎 )
𝑆𝑓

(1 +

[1−𝑚

) ]

(4.19)

𝑚

+

𝑇−𝑇𝑟
𝑇𝑟

𝑚𝑆 𝑙𝑛( 𝑆𝑇𝑟 ) − 𝑆𝑇𝑟 𝑙𝑛 (𝑚𝑓(𝑒)

(𝜎3 −𝑢𝑎 )
𝑃𝑎

)
]

To illustrate the temperature dependency of the TCF under constant confining pressure, the
proposed equation (Eq. 4.18) is employed and studied for three different soils. Parameters shown
in Table 4.1 are used for calculating the thermal conductivity of unsaturated soils. Fig. 4.5 shows
the results for Georgia kaolinite, Bonny silt, and Ottawa sand at a constant confining pressure of
zero and 100 kPa. The trend of thermal conductivity for all three soils shows it is affected by
temperature-induced changes in matric suction, water content, and vapor diffusion. For Georgia
kaolinite (Fig. 4.5a), Bonny silt (Fig. 4.5b), and Ottawa sand (Fig. 4.5c) at zero confining pressure,
the thermal conductivity exhibits a non-monotonic behavior at relatively high temperatures
ranging from 60 °C to 100 °C. An increasing trend is seen that continues until the funicular water
content  f , where the water content is dependent on the temperature and type of soils (see Figs.
4.3a, 4.3b, and 4.3c). Beyond  f , the thermal conductivity decreases as the water content
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increases. For temperatures of 25 °C to 40 °C, the increasing trend continues for the full range of
water content. Because the latent heat component is very small (Cass et al. 1984) at low
temperatures, the contribution of vapor diffusion is minimal. The thermal conductivity for Ottawa
sand (Fig. 4.5c) presented a different trend in comparison with Georgia kaolinite and Bonny silt.
The peak is higher and is reached at water content less than the other two soils. This can be
attributed to the significant impact of temperature on the menisci of the water bridges (liquid-solid)
of sand soils, which is consistent with the trend shown in the SWRC (see Fig. 4.2c). At low water
content, increasing temperature leads to more space between particles in sand. It will enhance the
movement of water vapor and the transfer of latent heat due to higher temperatures and thermal
gradients (Smits et al., 2013).
Under a higher confining pressure (100 kPa), a similar trend of the thermal conductivity
versus the total water content is observed for Georgia kaolinite (Fig. 4.5d), Bonny silt (Fig. 4.5e)
and Ottawa sand (Fig. 4.5f). However, the magnitude of thermal conductivity increases at the
higher confining pressure for all soils. For example, the increase in thermal conductivity at zero
confining pressure for Georgia kaolinite (Fig. 4.5a) is approximately 25%, 51%, 74%, and 118%,
as the temperature increases from 25 °C to 40 °C, 60 °C, 80 °C, and 100 °C, at a total water content
of 0.1. For Bonny silt (Fig. 4.5b), the increase in thermal conductivity is approximately 9%, 21%,
31%, and 49%, as the temperature increases from 25 °C to 40 °C, 60 °C, 80 °C, and 100 °C, at the
total water content of 0.08. Further, the increase of thermal conductivity for Ottawa sand (Fig.
4.5c) is approximately 25%, 76%, 101%, and 131% for temperatures of 25 °C to 40 °C, 60 °C, 80
°C, and 100 °C, at the total water content of 0.05. Once the soil reaches full saturation, thermal
conductivity gets closer to the value of

sat . Further, the increase of thermal conductivity at the

higher confining pressure (100 kPa) for Georgia kaolinite (Fig. 4.5d) is approximately 25%, 51%,
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74%, and 118% by increasing the temperature from 25 °C to 40 °C, 60 °C, 80 °C, and 100°C, at a
total water content of 0.1. For Bonny silt (Fig. 4.5e), the increase of thermal conductivity is
approximately 9%, 21%, 31%, and 49% as the temperature increases from 25 °C to 40 °C, 60 °C,
80 °C, and 100 °C, at the total water content of 0.08. Further, the increase of thermal conductivity
for Ottawa sand (Fig. 4.5f) is approximately 25%, 76%, 101%, and 131% by increasing the
temperature from 25 °C to 40 °C, 60 °C, 80 °C, and 100 °C, at the total water content of 0.05.
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Figure 4.5

Total thermal conductivity at zero and 100 kPa confining pressures under different
temperatures: (a & d) Georgia kaolinite, (b & e) Bonny silt, and (c & f) Ottawa
sand.
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The effects of confining pressure on the total thermal conductivity at a constant temperature
are studied and the results are shown in Fig. 4.6. The sensitivity of total thermal conductivity to
confining pressure is shown in Figs. 4.6a, 4.6b, and 4.6c at ambient temperature (25 °C) and Figs.
4.6d, 4.6e, and 4.6f at a higher temperature (60 °C) for Georgia kaolinite, Bonny silt, and Ottawa
sand, respectively. For all three soils, at a given water content, the total thermal conductivity
increases as the confining pressures increase from zero to 300 kPa. For each soil, the effect of
confining pressure is insignificant in low water contents (< 0.1) but becomes significant as the
water content increases. For a given confining pressure, the total thermal conductivity increases as
the water content increases. However, the curve reaches a plateau at a certain water content for the
zero confining pressure case, whereas, it continues to monotonically increase for higher confining
pressures. The higher the confining pressure, the more pronounced the effect is. This observation
suggests that, at low confining pressure, the increase in thermal conductivity is dominated by the
effects of temperature on water content and vapor diffusion, with a lesser degree to the effect of
confining pressure. At higher confining pressures, the role of temperature on the increase in
thermal conductivity is less pronounced than the contribution of confining pressure. Consequently,
the behavior of thermal conductivity depends on the level of contribution from the temperature
effects and the confining pressure.
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Figure 4.6

Total thermal conductivity at T = 25 °C and 60 °C under different confining
pressures: (a & d) Georgia kaolinite, (b & e) Bonny silt and (c & f) Ottawa sand.
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4.4

Evaluation of Model
The proposed TCF model is compared against the experimental test results reported in the

literature for Royal, Palouse A, Palouse B (Campbell et al., 1994) and Great sand dunes (Smits et
al., 2013) at temperatures of 30 °C, 50 °C, and 70 °C, and Guilin lateritic clay (Xu et al., 2019) at
temperatures of 25 °C, 40 °C, 60 °C, 80 °C and 90 °C, respectively. Further, the predictive
accuracy of the proposed TCF model is compared with the following existing TCF models: Gori
(1983); de Vries (1963) (two models); Tarnawski et al. (2000b), and Samarakoon and McCartney
(2019). All of the aforementioned laboratory tests or predictive TCF models do not consider the
effect of confining pressure or set it to zero. For validation at non-zero confining pressures, the
proposed TCF model is compared with the results of laboratory tests reported by Yao et al. (2019)
on poorly graded sand (SP4) at temperatures 20 °C, 47.5 °C, and 75.5 °C.
The accuracy of each TCF model is evaluated by the root mean square error (RMSE)
between the predicted and the measured data using:

𝛩𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 − 𝛩𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 2
1
√
RMSE (%) =
∑(
)
𝑁
𝛩𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑

(4.20)

where measured denotes the experimentally measured data,  predicted is the predicted data from
TCF models, and N is the number of measured data points. For each set of data, the calibration
and validation process includes two stages: 1) calibrating the TCF model at ambient temperature
to obtain the fitting parameters via the least square optimization leading to minimum error, and 2)
employing the calibrated TCF model to predict the thermal conductivity at elevated temperatures
and comparing against laboratory measured data. The input SWRC and thermal parameters used
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for the evaluation of the proposed TCF models for different soils are reported in Table 4.2. For the
comparison with the data by Yao et al. (2019) that include non-zero confining pressures, the TCF
model is first calibrated at ambient temperature and zero confining pressure. Then, the calibrated
model is used to predict the thermal conductivity at elevated temperatures and non-zero confining
pressures.
Table 4.2

Input SWRC and thermal parameters used for evaluating the proposed TCF model
for different soils

Soil
SWRC parameters

s
1

nVG

TCF parameters

VG

hTr *

sat

dry

(kPa-1)
0.008
0.002
0.002
0.283

(J/m2)
-0.516

(Wm-1 K-1)
1.50
1.37
1.26
1.39

(Wm-1 K-1)
0.22
0.20
0.18
0.35

m

Sf

Royal
0.50
6.78
2.50
0.194
Palouse A1
0.53
9.67
2.82
0.237
Palouse B1
0.53
9.67
3.89
0.405
Great sand
0.35
4.50
-0.285
2.62
0.131
dunes2
Poorly graded
0.38
2.84
0.850
1.72
0.43
2.43
0.128
sand 3
Guilin lateritic
0.85
1.39
0.021
-0.516
0.22
1.18
2.60
0.340
clay4
Laboratory measured thermal conductivity values are reported by 1 Campbell et al. (1994), 2 Smits et al. (2013),
3
Yao (2019), 4 Xu et al. (2019), * reported for similar soil types by Grant and Salehzadeh (1996)

Fig. 4.7 shows the comparison between laboratory-measured data and predictions of the
proposed TCF model at temperatures of 30, 50, and 70 °C with the measured data by Campbell et
al. (1994) for Royal soil. The results obtained from the proposed models are in good agreement
with the measured data. At temperatures of 30, 50, and 70 °C, the RMSE values for the proposed
TCF model are 5.5%, 3.5%, and 7.3%, respectively. As expected, at a given degree of saturation,
the thermal conductivity increases with an increase in temperature. The temperature effect is
insignificant at low degree of saturation.
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Figs. 4.8 and 4.9 compare the thermal conductivity obtained from the proposed TCF model,
versus the measured data reported by Campbell et al. (1994) for Palouse A and B at various
temperatures. The RMSE values of Palouse A are calculated to be 9.7, 5.6, and 15.4% at 30 °C,
50 °C, and 70 °C, respectively, and Palouse B are 8.5, 5.9, and 8.5%, respectively. Fig. 4.10
compares the thermal conductivity obtained from the proposed TCF model against the measured
data by Xu et al. (2019) for Guilin lateritic clay at elevated temperatures. The RMSE values for
Guilin lateritic clay are calculated to be 7.5, 6.9, 8.4, 8.5, and 8.3% at 25 °C, 40 °C, 60 °C, 80 °C,
and 90 °C, respectively. Overall, results obtained from the proposed model are in good agreement
with the experimental results.

Figure 4.7

Calibrated and predicted versus measured thermal conductivity for Royal soil: a) T
= 30 °C (calibrated), b) T = 50 °C (predicted), and c) T = 70 °C (predicted).
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Figure 4.8

Calibrated and predicted versus measured thermal conductivity for Palouse A soil:
a) T = 30 °C (calibrated), b) T = 50 °C (predicted), and c) T = 70 °C (predicted).

Figure 4.9

Calibrated and predicted versus measured thermal conductivity for Palouse B soil:
a) T = 30 °C (calibrated), b) T = 50 °C (predicted), and c) T = 70 °C (predicted).

103

Figure 4.10

Calibrated and predicted versus measured thermal conductivity for Guilin lateritic
clay: a) T = 25 °C (calibrated), b) T = 40 °C (predicted), c) T = 60 °C (predicted),
d) T = 80 °C (predicted), and e) T = 90 °C (predicted).

Fig. 4.11 compares the thermal conductivity from the proposed TCF model with the
laboratory-measured data by Smits et al. (2013) for Great sand dunes sand, at various temperatures.
The results obtained from the proposed model are in close agreement with the laboratory data. The
RMSE values of Great sand dunes sand are calculated to be 7.6, 7.5, and 9.0% at 30 °C, 50 °C,
and 70 °C, respectively. To compare the performance of the proposed model with previous thermal
conductivity models, the thermal conductivity formulation of Samarakoon and McCartney (2019)
is used to calculate the thermal conductivity of Great sand dunes sand at 30 °C, 50 °C, and 70 °C,
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respectively. The RMSE values of the Samarakoon and McCartney (2019) model for Great sand
dunes sand are calculated to be 7.6, 10.0, and 15.0% at 30 °C, 50 °C, and 70 °C, respectively. The
results obtained from the proposed model are clearly in closer agreement with the experimental
data than the Samarakoon and McCartney (2019) model.

Figure 4.11

Calibrated and predicted versus measured thermal conductivity for great sand
dunes soil: a) T = 30 °C (calibrated), b) T = 50 °C (predicted), and c) T = 70 °C
(predicted).

Table 4.3 reports the RMSE values from the proposed TCF model in comparison with those
attained from TCF models of de Vries (1963) (model-1 and model-2), Johansen (1975), Gori
(1983), Tarnawski (2000a), and Samarakoon and McCartney (2019). The predictive errors are
presented for five soils at various temperatures from 25 °C, to 90 °C. As shown, the proposed TCF
model consistently yields the lowest error for all soils and all temperature ranges that are examined.
This superior performance can be attributed to (1) linking the TCF model to a nonisothermal
SWRC model that accounts for the effects of temperature on various factors affecting water
retention, and (2) accounting for thermally induced changes in heat transfer mechanisms in the
proposed TCF model.

105

Table 4.3

Evaluation of RMSE (%) for the current study and the previous existing thermal
conductivity models (after Tarnawski et al. 2000a and 2000b)

de
de
Vries
Vries
Tarnawski
Proposed
Johansen
Gori
Soil
Temperature
(1963)
(1963)
et al.
model
(1975)
(1983)
model- model(2000a)
1
2
30 °C
5.5
5.6
25.1
10.0
25.3
11.0
Royal1
50 °C
3.5
12.0
39.0
14.3
25.6
14.0
70 °C
7.3
19.0
70.3
12.3
43.6
21.0
30 °C
9.7
6.6
16.6
10.0
28.6
12.0
Palouse
50
°C
5.6
13.3
21.0
12.6
26.6
18.0
A1
70 °C
15.4
20.0
35.0
16.3
31.3
22.0
30 °C
8.5
9.3
30.3
6.3
27.6
10.0
Palouse
50
°C
5.9
10.6
36.0
6.3
29.3
19.0
B1
70 °C
8.5
15.0
50.3
8.6
38.3
16.0
30
°C
7.6
-----Great
sand
50 °C
7.5
-----dunes2
70 °C
9.0
-----1
measured data reported by Campbell et al. (1994). 2 measured data reported by Smits et al. (2013).

Samarakoon
and
McCartney
(2019)
5.7
10.2
19.3
9.7
10.2
14.0
8.5
13.0
46.6
7.6
10.0
15.0

To demonstrate the predictive accuracy of the proposed TCF model at a given confining
pressure, Fig. 4.12 compares the thermal conductivity from the proposed TCF model and the
laboratory results of Yao et al. (2019) for poorly graded sand at various temperatures and confining
pressures. Since no other TCF model in the literature accounts for the effect of confining pressure,
no comparison is possible against alternative TCF models. The results obtained from the proposed
model capture the laboratory results trend with high accuracy. The RMSE values for sand soil are
calculated to be 1.6, 2.4, and 1.6% at 20 °C, 47.5 °C, and 75.5 °C, respectively. The results reveal
that the increase of thermal conductivity is significantly affected by confining pressure, due to the
change in the pore-water redistribution and larger contact area with larger water meniscus between
solid particles. This aspect has been overlooked in the other alternative TCF models. The effect of
temperature on thermal conductivity is dominated at 75.5 °C for confining pressures ranging from
zero to 400 kPa. The temperature effects on water content, enthalpy, and vapor diffusion are
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significant. These properties are less affected at lower temperatures, hence at 20 °C and 47.5 °C,
results prove that the contribution of temperature in comparison with the confining pressure is not
significant.

Figure 4.12

Calibrated and predicted versus measured thermal conductivity for sand soil: a) T
= 20 °C (calibrated), b) T = 47.5 °C (predicted), and c) T = 75.5 °C (predicted).
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CHAPTER V
A TEMPERATURE-DEPENDENT MODEL FOR SMALL-STRAIN SHEAR MODULUS OF
UNSATURATED SOILS
This chapter has been published as an article in the Journal of Geotechnical and
Geoenvironmental Engineering (Vahedifard, F., Thota, S. K., Cao, T. C., Samarakoon, R. A., and,
McCartney, J. S. (2020). “A Temperature-Dependent Model for Small-Strain Shear Modulus of
Unsaturated Soils.” Journal of Geotechnical and Geoenvironmental Engineering, DOI:
10.1061/(ASCE)GT.1943-5606.0002406). The paper has been reformatted and replicated herein
with minor modifications in order to outfit the purposes of this dissertation.

5.1

Introduction and Background
Under working stress conditions, geotechnical structures like retaining walls, pavements,

foundations experience shear strains ranging from 0.001% to 1%, with shear strains equal or
smaller than 0.001% representing linear elastic conditions (e.g., Atkinson and Sallfors, 1991; Mair
et al., 1993; Atkinson, 2000; Clayton, 2011; Likitlersuang et al., 2013; Ng et al., 2016). The shear
modulus and Young’s modulus defined at these small strain magnitudes (also referred to as elastic
moduli) are important soil properties that establish the elastic stress-strain relationships used
extensively in the analysis of geotechnical structures, including immediate settlement of footings
and embankments, pavement subgrade deformation response, soil-structure interaction, and
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foundation vibration response (e.g., Viggiani and Atkinson, 1995; Kramer, 1996; Rampello et al.,
1997; Likitlersuang et al., 2013; Yang and Gu, 2013). Several experimental studies have reported
that the elastic moduli of soils greatly depend on particle size, void ratio, compaction energy,
matric suction, effective saturation, stress history, and net normal stress (e.g., Hardin and Black,
1969; Cho and Santamarina, 2001; Mitchell and Soga, 2005; Oh et al., 2009; Sawangsuriya et al.,
2009; Khosravi and McCartney, 2012; Oh and Vanapalli, 2014).
Various attempts have been made to experimentally investigate and develop analytical
models for the elastic moduli of unsaturated soils that capture the effects of suction and effective
saturation (e.g., Fredlund et al., 1975; Edil and Motan, 1979; Edil et al., 1981; Mancuso et al.,
2002; Costa et al., 2003; Inci et al., 2003; Khoury and Zaman, 2004; Sawangsuriya et al., 2005;
Khosravi and McCartney, 2012; Dong et al., 2016, 2018). Most of the models developed in these
studies are extensions of models developed for dry or saturated soils by Hardin and his colleagues
(e.g., Hardin and Black, 1969; Hardin, 1978) to unsaturated conditions. Previous studies have
shown that elastic moduli increase with matric suction due to corresponding increases in the
average skeleton stress and stabilization effects of suction on the soil skeleton (e.g., Edil and
Motan, 1979; Mancuso et al., 2002; Costa et al., 2003; Khoury and Zaman, 2004; Sawangsuriya
et al., 2005; Khosravi et al., 2016). An added complication with unsaturated soils is that hydraulic
hysteresis will lead to changes in elastic modulus because of suction-induced hardening (Khosravi
and McCartney, 2012). Another issue is that the shear modulus of soils, in general, will decrease
with the applied shear strain magnitude, and several empirical and semi-empirical models have
been proposed in the literature to establish matric suction-dependent relationships for shear and
Young’s moduli of unsaturated soils at larger shear strain magnitudes (e.g., Vanapalli et al., 2008;
Sawangsuriya et al., 2009; Oh et al., 2009; Lu and Kaya, 2014; Dong et al., 2018).
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In many of the geotechnical and geoenvironmental applications mentioned above, changes
in temperature may occur, which have an additional effect on the elastic moduli of unsaturated
soils. Further, other geotechnical applications involving elevated temperatures include earthen
structure-atmospheric interaction under a changing climate, storage of nuclear waste, energy piles,
soil-borehole thermal energy storage systems, buried high voltage cables, and thermally active
earthen structures (e.g., Gens and Olivella, 2001; Laloui and Di Donna, 2013; Robinson and
Vahedifard, 2016; Vahedifard et al., 2015, 2016; 2017; 2018a; McCartney et al., 2016; Başer et
al., 2018; Thota et al., 2019; Shahrokhabadi et al., 2020). Several experimental studies have
illustrated the effects of temperature on the shear strength, volume change and stiffness of saturated
and unsaturated soils (e.g., Cekerevac and Laloui, 2004; Uchaipichat and Khalili 2009; Coccia et
al., 2013; Alsherif and McCartney, 2015; Zhou and Ng, 2016; Ng et al., 2017). Their studies have
provided useful insights through the study of unsaturated constitutive relationships under at
temperatures that rely on different stress state variables (e.g., Bishop’s mean effective stress,
matric suction, and deviator stress) and state variables (e.g., specific volume and effective
saturation) for defining temperature-dependent elastic moduli (e.g., Cekerevac and Laloui, 2004;
Ng et al., 2016; Zhou and Ng, 2017). However, more work is needed to enhance our understanding
of the combined effects of temperature, effective stress state, anisotropic stress conditions, void
ratio, and stress history on the elastic moduli (e.g., McCartney et al., 2019). Specifically,
temperature may affect the soil-water retention curve (SWRC), which is a key component in the
prediction of the effective stress of unsaturated soils (e.g., Lu et al., 2010). Temperature-induced
changes in the SWRC and effective stress can alter the stiffness of unsaturated soils.
Advances in equipment and methodologies for testing unsaturated soils under temperaturecontrolled and suction-controlled conditions at various scales have been employed to gain an
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improved understanding regarding the effect of temperature on soil stiffness and underlying
mechanisms. However, the impact of temperature on the elastic moduli of unsaturated soils still
poses a complex problem, leading to dissimilar trends reported by various investigators. For
example, a group of studies (e.g., Dumont, 2010; Zhou et al., 2015) reported that elastic moduli
decrease with increasing temperature due to reduction of the air-water surface tension. On the other
hand, several studies (e.g., Tanaka et al., 1996; Cekerevac and Laloui, 2004; Laloui and Cekerevac,
2008) reported that elastic moduli increase with increasing temperature due to thermal hardening
and more interaction between particles. The difference in the reported trends can possibly be
attributed to differences in drainage conditions, mean effective stress and soil mineralogy (e.g.,
Uchaipichat, 2005; Uchaipichat and Khalili, 2009; François and Ettahiri, 2012; Alsherif and
McCartney, 2015). For instance, during undrained heating, there may be an increase in pore-water
pressure that leads to a decrease in effective stress and softening, which could result in decreases
in shear modulus. For drained conditions, heating may cause a drying effect leading to suction
hardening, which could result in increase in shear modulus (e.g., McCartney et al. 2019). The
majority of existing thermo-mechanical or thermo-hydro-mechanical constitutive models for
unsaturated soils assume the elastic moduli (including the shear modulus) to be independent of
temperature to simplify formulations (e.g., Thomas and He, 1997; Loret and Khalili, 2002; Laloui
et al., 2003; Bolzon and Schrefler, 2005; Nuth and Laloui, 2008; Zhou and Ng, 2016). Instead,
many thermo-mechanical models assume that the temperature only affects the mean effective
preconsolidation stress (Laloui and Cekerevac 2008). However, results of several experimental
studies (e.g., Cekerevac and Laloui, 2004; Alsherif and McCartney, 2015; Zhou and Ng, 2016; Ng
et al., 2017) suggest that considering temperature-dependent elastic moduli can lead to more
accurate simulations of the mechanical response of unsaturated soils under elevated temperature.
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Gaps and unanswered questions remain in the literature regarding the development of
unified models for elastic moduli of unsaturated soils, particularly under elevated temperatures.
Ideally, such models should properly account for all, or the majority of, underlying mechanisms
of through which the temperature affects the elastic response of unsaturated soil under elevated
temperatures. To address the aforementioned gaps, this study presents a closed-form relationship
to determine the temperature-dependent small-strain (i.e., 0.001% or lower strain) shear modulus
of unsaturated soils, with an emphasis on silts. For this purpose, a general functional form is
proposed based upon a suction stress-based representation of effective stress incorporating three
primary variables of net normal stress, matric suction, and effective saturation. Temperature
dependency of the model is accounted for by employing temperature-dependent functions for
matric suction and effective saturation characterized using the SWRC. A set of laboratory tests
using a modified triaxial test setup are performed to measure the small-strain shear modulus of
Bonny silt at two different temperatures for varying matric suctions. The proposed model is
validated against the measured data obtained in the current study as well as those inferred from
two other independent experimental studies performed on silts reported in the literature.
5.2
5.2.1

Theory and Formulations
General Functional Form
Hardin and Richart (1963) performed a set of micromechanical analyses and showed that

the small-strain shear modulus of soils can be reasonably fitted with an effective stress-dependent
power functional form as follows (Hardin and Richart, 1963):

𝐺 = 𝐴1 𝑓(𝑒)[𝑝′ ]𝑛1
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(5.1)

where A1 and n1 are fitting parameters, p  is the mean effective stress, and f (e) is the void ratio
function, which can be expressed for sands and clays as (Hardin, 1978):

𝑓(𝑒) =

1
0.3 − 0.7𝑒 2

(5.2)

The Hardin and Richart (1963) equation (Eq. 5.1) is applicable to saturated soils since it is
a function of Terzaghi’s effective stress. For unsaturated soils, several studies have built upon
Hardin’s model and proposed new models for small-strain shear modulus primarily as a function
of net normal stress and matric suction (e.g., Sawangsuriya et al., 2009; Khosravi and McCartney,
2009; Khosravi and McCartney, 2012; Ghayoomi et al., 2013; Oh and Vanapalli, 2014; Dong et
al., 2016). The majority of the previous models (e.g., Mancuso et al., 2002; Mendoza et al., 2005;
Sawangsuriya et al., 2009; Khosravi and McCartney, 2012; Oh and Vanapalli, 2014) are developed
using a form of Bishop’s effective stress (Bishop, 1959), which is primarily dominated by matric
suction and effective saturation (Lu et al., 2010). Based on these observations, we propose the
following general functional form for small-strain shear modulus of unsaturated soils:
𝑛

𝑝𝑛 + 𝑆𝑒 𝜅𝑟𝑒𝑓 𝜓
]
𝐺 = 𝐴𝑓(𝑒)𝑃𝑎 [
𝑃𝑎

(5.3)

where Pa is the atmospheric pressure used as a normalizing parameter, and A and n are fitting
parameters, pn is the mean net normal stress (equal to the difference between the total mean stress,

p , and the pore-air pressure, ua ), S e is the effective saturation, and  is the matric suction, which
is equal to the difference between the pore-air pressure and the pore-water pressure (u w ) ,  ref is a
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fitting parameter that controls the impact of variation of water content. The effective saturation to
the  ref power is used to represent Bishop’s effective stress parameter,  (Bishop 1959) as
suggested by Vanapalli and Fredlund (2000). It should be noted that a similar functional form is
used by several studies and extensively validated against experimental tests performed on various
soils at ambient temperature (e.g., Sawangsuriya et al., 2009; Oh and Vanapalli, 2014; Dong et al.,
2016). The variables used in the proposed functional form represent external confining level (by
mean net normal stress), soil hardening or softening (by effective saturation) and interparticle
contact forces (by effective stress) (Dong et al., 2016). The proposed function allows to distinctly
account for the effect of effective saturation and matric suction, which, while interrelated, are
shown to possibly have independent effects on soil hardening or softening and effective stress
(Khalili et al., 2004; Dong et al., 2016).
In this study, temperature dependency of the small-strain shear modulus is considered by
incorporating temperature-dependent functions for matric suction and effective saturation, which
is characterized using the SWRC, into the proposed functional form (Eq. 5.3). Temperaturedependency of matric suction is accounted for by quantifying the role of temperature on the surface
tension, soil-water contact angle, and adsorption by the enthalpy of immersion. Similar
formulations are employed by Vahedifard et al. (2018b) and Vahedifard et al. (2019) to consider
the effects of temperature on the SWRC and effective stress, respectively.
5.2.2

Temperature-Dependent Matric Suction
The temperature dependency of matric suction, commonly used to represent capillary

pressure in unsaturated soils, is well established in the literature (e.g., Young, 1805; Grant and
Salehzadeh, 1996; Lu and Likos, 2004), and arises from changes in the air-water surface tension
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and the water-solid contact angle with temperature. For example, the temperature-dependent
matric suction can be defined as (Grant and Salehzadeh, 1996):

𝜓 = 𝜓 𝑇𝑟 (

𝛽+𝑇
)
𝛽𝑇𝑟 + 𝑇𝑟

(5.4)

where  Tr is the matric suction at the reference temperature, T and Tr are arbitrary and reference
temperatures, respectively, and  Tr is a regression parameter defined at the reference temperature

Tr . The parameter  can be estimated as follows (Grant and Salehzadeh, 1996):

𝛽=

−𝛥ℎ𝑇𝑟
−𝛥ℎ + 𝑎′(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 𝑇𝑟

(5.5)

where a ' and b are fitting parameters that can be estimated from the work of Dorsey (1940) and
Haar et al. (1984) to be a ' = 0.11766 Nm −1 and b = −0.0001535 Nm −1 K −1 ,  is the soil-water
contact angle, and h is the enthalpy of immersion per unit area, which can be determined by
experimental measurements or by using the differential enthalpy of adsorption of the vapor.
Grant and Salehzadeh (1996), which is used as the basis of the formulations for
temperature-dependent matric suction in this study, did not consider the effect of temperature on
the enthalpy of immersion. However, previous studies like Watson (1943) demonstrated that
temperature can affect the enthalpy of immersion as well. In this study, we used the following
equation developed by Watson (1943) to account for the reduction of enthalpy with increasing
temperature:
1 − 𝑇𝑟 0.38
𝛥ℎ = 𝛥ℎ 𝑇𝑟 (
)
1−𝑇
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(5.6)

where hTr is the enthalpy of immersion per unit area at the reference temperature. Further
discussion about the enthalpy of immersion is presented in the Appendix.
The temperature-dependent soil-water contact angle is given as follows (Grant and
Salehzadeh, 1996):

𝑐𝑜𝑠 𝛼 =

−𝛥ℎ + 𝑇𝐶1
𝑎′ + 𝑏𝑇

(5.7)

where C1 is a constant that can be determined as follows (Grant and Salehzadeh, 1996):

𝐶1 =

𝛥ℎ 𝑇𝑟 + 𝑎′(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 𝑇𝑟
𝑇𝑟

(5.8)

Considering the Young-Laplace equation, the matric suction (or capillary pressure) is a
function of surface tension and contact angle at a given pore size. These parameters, which control
the matric suction, are sensitive to temperature. Fig. 5.1 depicts temperature effects on surface
tension, enthalpy of immersion, contact angle, and matric suction at various pore sizes. As shown
in Fig. 5.1a, the surface tension decreases with an increase in temperature. This could be due to a
reduction in attractive forces because of an increase in molecular thermal sensitivity (e.g., Gardner,
1955; Grant and Bachmann, 2002). Fig 1b depicts the variation of enthalpy of immersion with
temperature for various values of enthalpy of immersion at reference temperature (see typical
enthalpy values for different minerals in Table A.1 of Appendix). The temperature-dependent
contact angles are calculated for different enthalpy values and are shown in Fig. 5.1c. Based on
the proposed model, the enthalpy of immersion (Fig. 5.1b) and the contact angle (Fig. 5.1c)
increase with temperature. Soils with higher contact angle and enthalpy of immersion are more
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sensitive to temperature. The predicted trends of contact angle and enthalpy of immersion shown
in Fig. 5.1 are consistent with the existing experimental data in the literature (e.g., Watson, 1943;
Bachmann et al., 2002; Grant and Bachmann, 2002). Fig. 5.1d illustrates the variation in matric
suction with temperature for different pore sizes. Typically, a pore size of 0.10 mm represents fine
sand, 0.02 mm represents silt, and 0.0015 mm represents clay (Nimmo, 2004). For example, at r
= 0.02 mm, the matric suction decreases approximately by 18%, 36%, 54%, and 72% when the
soil temperature increases incrementally from 20°C to 40°C, 60°C, 80°C, and 100°C, respectively.
The results show the importance of considering temperature effects on the surface tension, contact
angle, and enthalpy of immersion. The predicted thermal effects are consistent with the trends
reported from laboratory tests (Watson, 1943; She and Sleep, 1998; Bachmann et al., 2002), but
are commonly ignored in the majority of existing temperature-dependent analytical and numerical
simulations.
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Figure 5.1

5.2.3

Temperature effects on: (a) surface tension, (b) enthalpy of immersion with
different values at the reference temperature, (c) contact angle at different values
of enthalpy of immersion at the reference temperature, and (d) matric suction for
various pore sizes.

Temperature-Dependent Effective Saturation
In this study, we employ the SWRC to characterize the effective saturation. Following the

work by Grant and Salehzadeh (1996), all temperature-dependent SWRC formulations are
developed as a function of matric suction at the reference temperature. Accordingly, Eq. 5.5 is
rearranged to obtain matric suction at the reference temperature and is incorporated into the SWRC
model proposed by van Genuchten (1980). The temperature-dependent effective saturation can be
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obtained using the temperature-dependent extension of the van Genuchten SWRC model as
(Vahedifard et al., 2018b):

𝛽𝑇 + 𝑇𝑟
𝑆𝑒 = (1 + (𝛼𝑉𝐺 𝜓 ( 𝑟
))
𝛽+𝑇

𝑛𝑉𝐺 −𝑚𝑉𝐺

)

(5.9)

where VG is a fitting parameter inversely related to the air-entry suction (1/kPa), nVG is the poresize distribution fitting parameter, and mVG is a fitting parameter representing the overall geometry
of the SWRC assumed to be equal to 1-1/ nVG . A key feature of Eq. 5.10 is that the formulation
only requires the SWRC fitting parameters ( VG and nVG ) to be defined at the reference (ambient)
temperature with hT being the only additional parameter needed to account for the effect of
r

temperature.
Vahedifard et al. (2018b) employed similar formulations for matric suction and effective
saturation to develop temperature-dependent SWRC models. They validated the proposed
formulations versus three laboratory tests on sand, silt, and clay at different temperatures. To avoid
redundancy and keep the focus of this study on shear modulus, we do not repeat the entire
validation results and related discussion for matric suction and SWRC in this study. For
completeness and using the data presented in Table 5.1, Fig. 5.2 shows the predicted effective
saturation from the van Genuchten SWRC model versus measured data for Bonny silt reported by
Alsherif and McCartney (2014, 2015) at temperatures 23°C and 64°C. Results from the proposed
formulation, in general, show good agreement with the measured effective saturation at different
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temperatures. Interested readers are referred to Vahedifard et al. (2018b) for further details
regarding validation of the matric suction and effective saturation formulations.

Figure 5.2

Comparison of predicted versus measured effective saturation for Bonny silt at
T = 23°C and 64°C (measured data from Alsherif and McCartney, 2015).

To demonstrate the effect of temperature, the extended van Genuchten SWRC model is
used to study the temperature dependency of effective saturation for three silts: Bonny silt
(Alsherif and McCartney, 2015), Bourke silt (Uchaipichat and Khalili, 2009) and a completely
decomposed tuff classified as silt (Zhou et al., 2015). Table 5.1 shows the SWRC parameters used
for determination of temperature-dependent effective saturation for these silts. The SWRC fitting
parameters at ambient temperature are obtained using the measured SWRC data reported by
Alsherif and McCartney (2015), Uchaipichat and Khalili (2009), and Zhou et al. (2015). The
parameter hT is assumed to be the same for all silts and was assumed to be the same as a silty
r

soil tested by Grant and Salehzadeh (1996).
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Table 5.1

SWRC parameters used for calculating temperature-dependent effective saturation
Soil Type

Bonny silt
Bourke silt
Completely decomposed tuff

hTr
-2

Tr

(Jm )

(K)

-0.516

298.15

VG
(kPa-1)
0.330
0.021
0.023

nVG
1.61
1.54
1.46

Fig. 5.3 depicts the changes in the effective saturation at various temperatures ranging from
20°C to 100°C for the three silts. For comparison purposes, the temperature-induced changes in
the effective saturation at matric suction of 150 kPa are examined. For Bonny silt, the effective
saturation decreases by approximately 16%, 28%, 38%, and 55% when increasing the temperature
from 20°C to 40°C, 60°C, 80°C, and 100°C, respectively. For the same temperatures, the decreases
in effective saturation are approximately 13%, 23%, 32% and 49% for Bourke Silt and 11%, 20%,
28% and 43% for completely decomposed tuff. These decreases in effective saturation can be due
to thermal effects on surface tension, contact angle, and enthalpy (Vahedifard et al., 2018b).
Further, the results for all silts suggest that increasing temperature leads to a smaller air-entry
suction. This finding can contribute to more representative simulations of unsaturated soils under
elevated temperatures. As mentioned before, the proposed formulations only need the SWRC
parameter representing the air entry suction at the reference temperature. Employing temperaturedependent formulations for the contact angle and enthalpy of immersion captures the impact of
elevated temperature on reducing the air entry suction (Vahedifard et al., 2019).
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Figure 5.3

Effective saturation versus matric suction at different soil temperatures using the
extended van Genuchten SWRC model: (a) Bonny silt, (b) Bourke silt, and (c)
Completely decomposed tuff.
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5.2.4

Closed-Form Equation for Temperature-Dependent Shear Modulus
Using S e obtained from the extended van Genuchten SWRC model and by substituting

Eqs. (5.4), (5.5), and (5.10) into Eq. (5.3), one can obtain the following closed-form model for the
temperature-dependent shear modulus of unsaturated soils:

𝛽𝑇 + 𝑇𝑟
𝑝𝑛 + ((1 + (𝛼𝑉𝐺 𝜓 ( 𝛽𝑟 + 𝑇 ))
𝐺 = 𝐴𝑓(𝑒)𝑃𝑎

𝜅𝑇
𝑛𝑉𝐺 −(1−1/𝑛𝑉𝐺 )

)

)

𝑛

𝛽𝑇 + 𝑇𝑟
𝜓 ( 𝛽𝑟 + 𝑇 )

(5.10)

𝑃𝑎
{

}

where  T is a parameter which controls the impact of effective saturation on the effective stress
and depends on temperature as follows:

𝜅 𝑇 = 𝜅𝑟𝑒𝑓 +

𝑇 − 𝑇𝑟 (𝜅 𝑚)
𝑒 𝑟𝑒𝑓
𝑇𝑟

(5.11)

where m is a fitting parameter equivalent to mVG . For ambient temperature conditions,  T
degenerates to  ref but the value of  T increase as temperature elevates. Physically, Eq. 5.11
captures the changes in effective saturation caused by variation of temperature. Heat-induced
reductions in water content can cause changes in confinement and, therefore, stiffness of the soil
mass. At a given matric suction, increases in confinement cause sharper reductions in water content
with temperature. Similar to the proposed temperature-dependent SWRC, all the fitting parameters
( VG , nVG , n, A,  ref ) used in Eq. (5.11) are those determined at the reference (ambient) temperature
and hTr is the only additional parameter needed to account for the effect of temperature. This
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feature can facilitate the use of the proposed model as it does not require many additional
parameters.
The proposed formulations for temperature-dependent suction and effective saturation can
be used to extend other existing models for small-strain shear modulus (e.g., Sawangsuriya et al.,
2009; Dong et al., 2016) to temperature-dependent conditions. The model presented in this study
does not consider possible effects of temperature on net normal stress, which may occur due to the
impact of temperature on pore air pressure. Further, hydraulic hysteresis is not modeled but can be
considered by following the approach of Khosravi and McCartney (2012). They incorporated the
ratio of the mean apparent yield stress to the current mean effective stress (equal to the
overconsolidation ratio, OCR for saturated or dry soils) into the model for the small-strain shear
modulus to consider suction hardening during hydraulic hysteresis.
In general, capillarity and adsorption are two main soil-water retention mechanisms (Lu,
2016), which also control the soil stiffness (Lu, 2018). The model proposed in this study is
developed based upon capillarity being the dominant soil-water retention mechanism. This
assumption is legitimate for most soil types including silts, which are the main focus of this study.
For clays, it is prudent to consider both capillarity and adsorption mechanisms in the development
of a shear modulus model. Following this rationale, Lu (2018) proposed a generalized model for
Young’s modulus of unsaturated soils at ambient temperature explicitly considering capillarity and
adsorption mechanisms. Temperature can differently affect adsorption and capillarity, an aspect
that needs to be taken into consideration when developing a temperature-dependent model of
small-strain shear modulus including both mechanisms. This can be done by following the
approach outlined by Vahedifard et al. (2018b, 2019) for the development of temperaturedependent SWRC and effective stress models, respectively.
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Temperature may affect the small-strain shear modulus through inducing changes in
parameters other than matric suction and effective saturation as well. However, capturing all
relevant temperature-induced mechanisms is certainly not feasible using a closed-form model (as
intended in this study) and warrants employing more complex numerical models. Even with such
numerical models and despite major advances in constitutive modeling of coupled processes in
unsaturated soils, it is still hard to argue that there is a single constitutive model in the literature
than can capture all of the relevant temperature effects. Nevertheless, the proposed model provides
a simple yet reliable tool to account for the temperature effect on the small-strain shear modulus
of unsaturated soils. To the best of the authors’ knowledge, this work is the first study presenting
such a closed-form model. Although major elements used in the development of the proposed
model (i.e., temperature-dependent matric suction, SWRC) are already part of the literature, there
has been no such an attempt in the literature to make use of all these elements to develop an
analytical model to capture the temperature effect on the shear modulus of unsaturated soils in the
form and details presented in this study.
5.3

Validation against Experimentally Measured Data
The accuracy of the proposed model is validated by comparing the predicted values with

experimentally measured results attained from: (a) laboratory tests performed in this study on
Bonny silt using a modified triaxial apparatus with bender elements, and (b) laboratory tests on
silts reported by two independent studies reported in the literature. For each set of data, the
validation process involves two steps: 1) Calibrating the model at ambient temperature to
determine the fitting parameters ( n, A , and  ref ) leading to minimum error using the least square
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optimization, and 2) Using the calibrated model to predict the shear modulus at elevated
temperatures and comparing against results from the laboratory tests.
5.3.1

Comparison with Laboratory Measurements using Bender Elements
A set of laboratory tests is performed to measure the small strain shear modulus of Bonny

silt at different suctions and temperatures. The tests are carried out using a modified BishopWesley triaxial apparatus with bender elements. The apparatus is set up to measure shear wave
velocities at different matric suctions for a specific temperature and net normal stress. Fig. 5.4
shows the schematic diagram of the complete test setup. Three individual systems are included in
the test setup to measure temperature, matric suction, and shear wave velocities. First, a pressure
panel is used to apply confining, air and water pressures to the specimen. Second, the temperature
controller and circulating pump are used to control and mix the water in the cell to achieve a
desired specimen temperature. In addition, a thermocouple sensor is installed to measure the
temperature in the cell. Third, bender elements are embedded to the top and bottom caps to send
and receive wave signals and therefore measure shear wave velocities.
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Figure 5.4

Schematic diagram showing the experimental setup.

Table 5.2 displays the index properties of Bonny silt. The specimens used in the tests are
prepared with a thickness of 25 mm and a diameter of 76 mm. The specimen is compacted under
a water content of 10.5% (dry side of optimum) with a void ratio of 0.68 (Alsherif and McCartney,
2015). The compacted specimen is placed in the cell and saturation is achieved by reaching a
minimum B-value of 0.95 at regular intervals of confining and pore water pressures. The axistranslation technique is used to apply matric suction to the specimen. The air pressure on the top
of the specimen is maintained constant and the water pressure at the bottom is reduced to apply
different matric suction in the specimen. The first matric suction is applied after making sure there
is no change in water levels in the pressure panel for at least 12 hours. The matric suction is applied
in intervals from zero to 110 kPa at two constant temperatures 23°C and 43°C. The next step of
matric suction is applied after the specimen reaches a steady or equilibrium state. For both tests,
the specimens were confined at a constant net normal stress of ~ 50 kPa. To assess the variability
of results, multiple wave velocity measurements are made at a given suction after reaching suction
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equilibrium. The measurements are found to be identical implying zero variability. The suction is
increased to the next level only after the wave velocities remain constant for at least 12 hours.
Table 5.2

Index and compaction properties of Bonny silt (after Alsherif and McCartney,
2015)

Property (unit)
Liquid limit (%)
Plastic limit (%)
Specific gravity
Maximum dry unit weight (kN/m3)
Initial void ratio
Optimum moisture content (%)

Magnitude
25
21
2.65
16.3
0.68
13.6

The measured shear wave velocities at different matric suctions and temperatures obtained
from the experimental tests are used to determine the small-strain shear modulus as:

𝐺 = 𝜌𝑉 2

(5.12)

where  is the total density of the soil and V is the shear wave velocity of the soil.
Fig. 5.5 depicts the measured and predicted small-strain shear modulus versus matric
suction at T = 23°C and T = 43°C. The experimentally measured data demonstrate that the shear
wave velocities, and therefore the small-strain shear modulus, are affected by matric suction and
temperature. At a given temperature, the shear modulus increases with an increase in matric
suction. At a given matric suction, the shear modulus decreases with an increase in temperature.
The effect of temperature on shear modulus is more pronounced in higher matric suctions. For
example, at matric suction of 40 kPa, the reduction of shear modulus is approximately 16% by
increasing temperature from 23 to 43°C. At higher matric suction of 100 kPa, the reduction of
shear modulus is approximately 39% by increasing temperature from 23 to 43°C. This could be
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due to variation in effective stress and in turn the stiffness at a higher temperature depending on
the range of matric suction. At low range of matric suction, the trend of effective stress with
temperature is similar to the one shown in Vahedifard et al. (2019). For the proposed model, the
input parameters A = 1000, n = 2.1, VG = 0.05 kPa-1, nVG = 2.2,  ref = 0.35, hT = -0.516 Jm-2
r

are used to calibrate and predict the shear modulus at ambient and elevated temperatures. The root
mean square error (RMSE) values of the model with respect to the measured data are 22 MPa and
22 MPa at 23°C and 43°C, respectively. As seen, the model shows a reasonable match with the
measured values for the elevated temperature case (T = 43°C). The only exception where the model
shows a relatively high over estimation is at matric suction of 75 kPa and T = 23°C. The large
difference can be possibly due to the measured shear modulus being somehow lower than expected
at this point, which can be due to testing issues and limitations.

Figure 5.5

Measured and proposed variation in small strain shear modulus with matric suction
at T = 23 °C (with calibrated model values) and 43 °C (with predicted model
values).
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5.3.2

Comparison with Experimental Data Reported in the Literature
There is no experimental data in the literature directly reporting the small-strain shear

modulus of unsaturated soils under elevated temperatures. Nevertheless, data from tests at higher
shear strain amplitudes are used to extrapolate trends in the small-strain shear modulus available
data in the literature for further validation of the proposed model. For this purpose, we use results
from suction-controlled temperature-controlled triaxial tests on Bourke silt (reported by
Uchaipichat and Khalili, 2009) and completely decomposed tuff (reported by Zhou et al., 2015).
Following the procedure explained below, we infer the shear modulus of the tested soils at a shear
strain of 0.001% and use for validation against predictions of the proposed model. Table 5.3
presents a summary of the experimental testing matrix used for calibration and validation purposes
in this section.
Table 5.3

Experimental tests from the literature used for calibration and validation

Soil Type

Reference

Net Normal
Stress (kPa)

Temperature (°C)
25

Bourke silt

Uchaipichat and Khalili
(2009)

150

40
60

Completely
decomposed tuff

20
Zhou et al. (2015)

200
60

Suction
(kPa)
100
300
100
300
100
300
1
150
1
150

For the results presented by Uchaipichat and Khalili (2009), the finite-strain Young’s
modulus at an axial strain of 1% is obtained from the reported deviatoric stress-axial strain curve
for each tested combination of net normal stress, temperature, and suction. The corresponding
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finite-strain shear modulus is calculated using a Poisson’s ratio of 0.25 (e.g., Alsherif and
McCartney, 2015), and is then scaled to 0.001% strain using the scaling equation proposed by
Dong et al. (2018) as follows:
𝐺∗
=
𝐺
1+[

1
𝛾
]
𝛼𝑉𝐺 (𝑝𝑛 + 𝑆𝑒 𝜓)𝛾𝑟𝑒𝑓

(5.13)

where G* is the finite-strain modulus,  ref is the reference shear strain. The reference shear strain
can be defined as (Dong et al., 2018):

𝛾𝑟𝑒𝑓 = 𝜂𝜃 𝜉

(5.14)

where  is a multiplier parameter,  is the power factor for water content,  is the volumetric
water content, which is related to S e as follows:

𝑆𝑒 =

𝜃 − 𝜃𝑟
𝜃𝑠 − 𝜃𝑟

(5.15)

where  s and  r are the saturated and residual volumetric water contents, respectively. For the data
reported by Uchaipichat and Khalili (2009), the following parameters are used to scale the
measured finite-strain shear moduli to small-strain conditions:  r = 0.1258,  s = 0.55,  = 1%,

 = 0.0027, and  = 1.857.
Zhou et al. (2015) reported the measured secant shear modulus at several shear strains
ranging from 0.003% to 1%. Using regression analysis to find the best nonlinear fit passing through
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the data, we employ the regression equation to infer the shear modulus at 0.001% strain, G0.001 .
Fig. 5.6 shows the measured shear moduli versus shear strain for the tested silt reported by Zhou
et al. (2015) and best-fit curves through the measured data.

Figure 5.6

Measured shear moduli versus shear strain for completely decomposed
tuff reported by Zhou et al. (2015) and best fit curves through the measured
data.

For calibration, the SWRC parameters given in Table 5.1 are used in the model. Table 5.4
summarizes the calibrated fitting parameters of the proposed shear modulus model at ambient
temperature for the two silts. Fig. 5.7 provides a comparison between the inferred shear moduli at
0.001% strain ( G0.001 ) against calibrated results at ambient temperature and predicted results at
elevated temperatures. For both Bourke silt and the decomposed tuff, the results of the proposed
model are in good agreement with the experimental data. It is noted that more tests at higher matric
suctions are needed to better understand and model the shear stiffness of unsaturated soils at high
matric suctions under elevated temperature.
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Table 5.4

Calibrated fitting parameters for the proposed shear modulus model at ambient
temperature.
Soil Type

n

A

 ref

Bourke silt
Completely decomposed tuff

0.35
0.95

40
220

1.3
0.5

Figure 5.7

Comparison of inferred shear modulus at 0.001% strain (G0.001) with calibrated
shear modulus at ambient temperature and predicted shear modulus at elevated
temperatures.
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CHAPTER VI
STABILITY ANALYSIS OF UNSATURATED SLOPES UNDER ELEVATED
TEMPERATURES
This chapter has been submitted for review and possible publication in a scholarly
journal. The paper is currently under peer review process while this dissertation has been written.
This chapter has been reformatted and replicated herein with minor modifications in order to outfit
the purposes of this dissertation.
6.1

Introduction and Background
Natural and man-made unsaturated slopes can be subjected to elevated temperatures due

to several reasons including prolonged droughts, heatwaves, thermally active earthen systems, and
shallow geo-energy related technologies. For instance, the soil temperature can exceed 65°C in
man-made slopes used in municipal solid waste landfills and heat exchanger projects (e.g., Yesiller
and Hanson, 2009; Coccia et al., 2013; Jafari et al., 2017). Geo-energy related applications such
as high voltage buried cables subject unsaturated soil slopes to temperatures above 70°C (e.g.,
Garrido et al., 2003; Salata et al., 2015). Further, several cases have been reported in the literature
where the surface temperature in arid regions or under heatwaves and prolonged droughts
increased as high as 50°C, directly affecting earth structures and slopes through soil-atmospheric
interaction (e.g., Kasozi et al., 2015; Lorenz et al., 2010). The recorded observations and projected
patterns all suggest increases in temperature, warm spells, short-term heatwaves, and concurrent
drought and heatwaves in several regions (e.g., Mazdiyasni and AghaKouchak, 2015; Shukla et
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al., 2015). These observations and projections further highlight the need to properly study the
impact of temperature on the stability and performance of unsaturated slopes in a changing climate
(e.g., Damiano and Mercogliano, 2013; Vardon, 2015; Vahedifard et al., 2016a; 2017; 2018a).
However, the effects of temperature on the stability of unsaturated slopes and incorporating such
effects into engineering analyses are not well understood and certainly warrant further
investigation (e.g., Nishimura et al., 2009; Elia et al., 2017).
The primary exchanges of heat and water that mitigate global and local meteorological
conditions occur at the Earth’s surface. Many weather and climate phenomena such as extreme
precipitations and droughts are primarily influenced by processes associated with landatmospheric interactions in which soil moisture plays an important role. Other important
meteorological parameters such as temperature and relative humidity form dominant components
in a suite of factors that influence the movement of water in and out of the near-surface slope
materials (An et al., 2017; Tang et al., 2018; Robinson and Vahedifard, 2016; Vahedifard et al.,
2015). The behavior and properties of the soils that comprise the unsaturated zone between the
soil surface and the water table are greatly dependent on the transfer of water and heat between the
atmosphere and the soil, and through the soil surface. Hence, properly incorporating the parameters
that influence the water content and suction of unsaturated soils is paramount to improving the
understanding of soil slope stability.
Previous studies have demonstrated that elevated temperatures can affect micro-scale
characteristics and macro-scale engineering properties of soils (e.g., Hueckel and Baldi, 1990;
Uchaipichat and Khalili, 2009; Goodman and Vahedifard, 2019; McCartney et al., 2019).
Experimental test results reported in the literature exhibit somehow contrasting trends on the effect
of temperature on the shear strength of the soil. The first group of studies found that an increase in
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temperature causes weakening in soil (e.g., Mitchell, 1964; Campanella and Mitchell, 1968;
Hueckel and Baldi, 1990; Kuntiwattanakul et al., 1995; Alsherif and McCartney, 2015). Hueckel
and Baldi (1990) showed that an increase in temperature induced lower shear strength under
drained conditions. From the drained test paths conducted on silty specimens, Alsherif and
McCartney (2015) concluded that heating the soil before the application of suction can lead to a
lower peak shear strength. This behavior may be due to the softening effect of heating was greater
than the hardening effect associated with the application of suction. On the other hand, the second
group of studies has shown that an increase in temperature strengthens soil (e.g., Laguros, 1969;
Houston et al., 1985; Alsherif and McCartney, 2015). Laguros (1969) measured unconfined
compressive strength of four clay soils, kaolinite, illite, montmorillonite, and montmorilloniteillite, at elevated temperatures and showed that, except for the illite soil, the soil strength increases
at elevated temperature. Using a suction application before temperature test path, Alsherif and
McCartney (2015) found that the soil specimens consistently exhibit a greater peak shear strength
at elevated temperature. The above-mentioned contracting trends on the temperature effect on the
strength of soil can be partly attributed to different stress histories, drainage conditions and range
of applied temperatures employed in these tests (Graham et al., 2001).
Under drained and undrained conditions, elevated temperature can affect the stability of an
unsaturated slope in several ways. For example, the changes in temperature can increase the near
surface permeability of the soils and would facilitate seepage flow parallel to the slope and reduce
the factor of safety (FOS) of the slope (Greenway, 1987; Pradel and Raad, 1993; Bo et al., 2008).
Uchaipichat (2017) indicated that the FOS of silty slopes under undrained conditions decreases
with increasing temperature (25 to 60°C) at different matric suctions (0 to 100 kPa). Another
important effect can be through temperature-induced changes in stress state variables and the soil
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water retention curve (SWRC), which can lead to changes in the soil strength and stability of slope
(Thota et al., 2019). Under drained conditions, elevated temperatures can increase the matric
suction of the soil and hence, can increase the effective stress and shear strength of the soil
(Uchaipichat and Khalili, 2009; Alsherif and McCartney, 2015). The experimental results have
shown that an elevated temperature causes a downward shift in the SWRC, leading to a decrease
in matric suction under a constant water content (e.g., Wan et al., 2015; Roshani and Sedano,
2016). This could be valid for undrained conditions, where the water content is unchanged. The
decrease in matric suction can lead to a reduction in effective stresses and consequently, the FOS.
However, for changing water content (e.g. drained condition), the elevated temperatures can cause
an increase in matric suction and therefore the FOS (Uchaipichat and Khalili, 2009).
The main objective of this study is to investigate the stability of unsaturated soil slopes
under elevated temperatures. For this purpose, an analytical framework is developed to determine
the FOS of unsaturated slopes under steady fluid flow conditions at various temperatures. The
proposed formulation incorporates nonisothermal models for the soil-water retention curve
(SWRC) (Vahedifard et al. 2018b) and effective stress (Vahedifard et al. 2019) to account for the
effect of temperature on apparent cohesion and, subsequently, on shear strength. The extended
temperature-dependent SWRC and effective degree of saturation are then incorporated into a
steady infinite slope stability analysis of unsaturated soils.
6.2

Theory and Formulations
A key step for any attempt towards analyzing the stability of unsaturated slopes lies within

property determining the shear strength of unsaturated soils. While contradictory trends are
reported in the literature regarding the effect of temperature on shear strength, most experimental
test results agree that elevated temperatures have minimal effects on effective angle of friction and
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cohesion particularly at critical state (e.g., Lingnau et al., 1996, Hueckel et al., 1998; Burghignoli
et al., 2000; Graham et al., 2001; Uchaipichat and Khalili, 2009; Masin and Khalili, 2011; Yavari
et al., 2016; Maghsoodi et al., 2019; Li et al., 2019). However, previous studies (e.g., Uchaipichat
and Khalili, 2009; Wan et al. 2015; Roshani and Sedano, 2016) show that the temperature effect
on matric suction and degree of saturation can be considerable. In this study, the theoretical basis
of the proposed slope stability framework is built upon the concept that, within the temperatures
range examined, the effect of temperature on the soil’s shear strength can be primarily attributed
to thermal induced changes in apparent cohesion stemming from matric suction. Temperature
dependency of apparent cohesion is captured by employing nonisothermal models for SWRC and
effective stress, which are then incorporated into a steady infinite slope stability analysis of
unsaturated soils. The proposed formulation employs the suction stress based effective stress
approach (Lu and Likos, 2004, 2006; Lu et al., 2010), in which the shear strength criteria of
unsaturated soils can be effectively defined using the classic shear strength parameters ( c ' and  '
) and the SWRC (Lu et al., 2010). Thus, the backbone and theoretical basis of the proposed slope
stability formulation is the recently developed temperature-dependent expressions for the SWRC
(Vahedifard et al., 2018b) and effective stress (Vahedifard et al., 2019), two critical factors
controlling the shear strength needed for slope stability analyses. Vahedifard et al. (2018b, 2019)
extensively validated these temperature-dependent models for the SWRC and effective stress
against several independent laboratory test results reported in the literature for different soil types.
Interested readers are referred to Vahedifard et al. (2018b, 2019) for detailed derivation and
validations results for the SWRC and effective stress models.
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6.2.1

Shear Strength of Unsaturated Soil under Elevated Temperature
Based on Bishop’s effective stress principle (Bishop, 1959), the suction stress based

effective stress of unsaturated soils is given as (Lu et al. 2010):
𝜎′ = (𝜎 − 𝑢𝑎 − 𝜎 𝑠 )

(6.1)

where  is total stress, ua is pore-air pressure, and  s is the suction stress, which can be defined
as (Lu et al., 2010):
𝜎 𝑠 = −𝜓𝑆𝑒

(6.2)

where  is matric suction and S e represents the effective degree of saturation. Building on
suction stress based effective stress and classic Mohr-Coulomb shear strength criteria one can
obtain the shear strength of unsaturated soils by:

𝜏 = 𝑐′ +(𝜎 − 𝑢𝑎 − 𝜎 𝑠 ) 𝑡𝑎𝑛 𝜙 ′

(6.3)

where  is the shear strength, c ' is the effective cohesion,  ' is the effective friction angle. The
apparent cohesion quantifying the contribution of matric suction to shear strength can be
determined as (Lu et al., 2010; Vahedifard et al., 2015):
𝑐𝑎𝑝𝑝 = −𝜎 𝑠 𝑡𝑎𝑛 𝜙 ′

where capp is the apparent cohesion.
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(6.4)

The above formulations (Eqs. 6.1 to 6.4), which were originally defined under ambient
conditions, can be extended to elevated temperature conditions by incorporating temperaturedependent matric suction and the SWRC (Vahedifard et al. 2018b, 2019). The temperature
dependency of matric suction can be expressed as (Grant and Salehzadeh, 1996):

𝜓 = 𝜓 𝑇𝑟 (

𝛽+𝑇
)
𝛽𝑇𝑟 + 𝑇𝑟

(6.5)

where  Tr is the matric suction at the reference temperature Tr . As defined,  T is a regression
r

parameter at the reference temperature, which depends on surface tension, enthalpy of immersion
per unit area and contact angle. The parameter  is calculated as (Grant and Salehzadeh, 1996):

𝛽=

−𝛥ℎ𝑇𝑟
−𝛥ℎ + 𝑎(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 𝑇𝑟

(6.6)

where  is the temperature-dependent soil-water contact angle, a and b are fitting parameters that
can be estimated as a = 0.11766 Nm −1 and b = −0.0001535 Nm −1K −1 (Dorsey, 1940; Haar et al.,
1984), and h is the enthalpy of immersion per unit area, which can be determined by
experimental measurements or by using the differential enthalpy of adsorption of the vapor.
Grant and Salehzadeh (1996), which is used as the basis of the formulations for
temperature-dependent matric suction in this study, did not consider the effect of temperature on
the enthalpy of immersion. However, Watson (1943) demonstrated that temperature could affect
the enthalpy of immersion as well. In this study, as suggested by Vahedifard et al. (2018b, 2019),
the following temperature-dependent equation is used to define the enthalpy of immersion per unit
area (Watson, 1943):
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1 − 𝑇𝑟 0.38
𝛥ℎ = 𝛥ℎ 𝑇𝑟 (
)
1−𝑇

(6.7)

where hTr is the enthalpy of immersion per unit area at the reference temperature.
The temperature-dependent form of the soil-water contact angle is given as (Grant and
Salehzadeh, 1996):

𝑐𝑜𝑠 𝛼 =

−𝛥ℎ + 𝑇𝐶1
𝑎′ + 𝑏𝑇

(6.8)

where C1 is a constant, which can be determined as (Grant and Salehzadeh, 1996):

𝐶1 =

𝛥ℎ 𝑇𝑟 + 𝑎(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 𝑇𝑟
𝑇𝑟

(6.9)

Vahedifard et al. (2018b) used the aforementioned temperature-dependent equations for
matric suction and enthalpy of immersion to extend the SWRC models proposed by Brooks and
Corey (1964) (referred as the BC model) to temperature-dependent conditions as follows:
𝑛

𝑆𝑒 = (

𝛽′
)
𝛽𝑇𝑟 + 𝑇𝑟
𝜓( 𝛽 +𝑇 )

(6.10)

where  ' is a fitting parameter related to the air-entry suction (kPa), n is the pore-size distribution
fitting parameter. By incorporating Eqs. 6.5 and 6.10 into Eq. 6.2 and Eq. 6.4, the final expression
for the temperature-dependent suction stress characteristic curve (SSCC) and apparent cohesion
respectively, can be written as:
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𝑛

𝜎𝑠 = − (

𝛽𝑇 + 𝑇𝑟
𝛽′
) 𝜓( 𝑟
)
𝛽𝑇𝑟 + 𝑇𝑟
𝛽+𝑇
𝜓( 𝛽 +𝑇 )

(6.11)

𝑛

𝑐𝑎𝑝𝑝 = 𝑡𝑎𝑛 𝜙 ′ (

𝛽𝑇 + 𝑇𝑟
𝛽′
) 𝜓( 𝑟
)
𝛽𝑇𝑟 + 𝑇𝑟
𝛽+𝑇
𝜓( 𝛽 +𝑇 )

(6.12)

To illustrate the effect of temperature, a set of parametric study is performed for three
hypothetical soils of clay, silt, and sand. Table 6.1 shows the hydraulic parameters used to plot
SWCC, SSCC and apparent cohesion for each of the hypothetical soils at different temperatures.
The data are obtained from similar soils reported by Lu and Likos (2004) for n and  ' and by
Grant and Salehzadeh (1996) for hTr .
Table 6.1

Hydraulic, thermal and mechanical parameters of hypothetical soils used in the
parametric study
Hydraulic*

Soil

n

'

Thermal**

hTr

kin

dry

sat

(kPa)

(J/m )

(m/s)

(W/(mK))

(W/(mK))

2

Mechanical***

Sf

'

c'

(deg.)

(kPa)

Clay

2

33.33

-0.516

4.5E-15

0.239

1.556

0.171

20

10

Silt

3

3.33

-0.516

1E-14

0.198

1.216

0.246

25

2

Sand

4

3

-0.285

1E-12

0.256

2.185

0.064

30

0

*

data from Lu and Likos (2004) and Grant and Salehzadeh (1996) ** data from Lu and Dong (2015) *** data from Lu
and Godt (2008)
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Fig. 6.1 shows the relationship between effective saturation and matric suction for different
soils at temperatures of 25, 40, and 55°C. It is evident from the results that elevated temperature
can cause a downward shift in the SWRCs, which implies that at a constant effective saturation,
the matric suction decreases with an increase in temperature. This could be due to changes in
surface tension of the pore-water, soil-water contact angle, and enthalpy of immersion with
temperature (e.g., Grant and Salehzadeh, 1996; Roshani and Sedano, 2016; Vahedifard et al.,
2018b).

Figure 6.1

Effective degree of saturation versus matric suction for hypothetical soils at
different temperatures: (a) clay; (b) silt; and (c) sand.

Fig. 6.2 depicts changes in suction stress (the left y-axis) and apparent cohesion (the right
y-axis) with matric suction at temperatures of 25, 40, and 55°C. For all soils and at a given
temperature, suction stress and apparent cohesion exhibit a non-monotonic trend versus different
matric suction. The trends of both suction stress and apparent cohesion are affected by
temperature-induced changes in matric suction and effective saturation. Since the apparent
cohesion is merely a function of suction stress and the angle of friction, the physical phenomena
involved for both suction stress and apparent cohesion is the same as the friction angle is kept
constant. Three distinct mechanisms can be noted. Firstly, at low matric suctions, suction stress
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(or apparent cohesion) is almost the same for different temperatures. Secondly, the peak of suction
stress (absolute value) decreases at elevated temperatures. Lastly, for relatively high matric
suctions, the absolute value of suction stress decreases with an increase in temperature. The distinct
behavior of suction stress for various temperature and matric suction ranges could be due to
differences in the dominating water retention mechanism at each range of matric suction
(Vahedifard et al., 2019).
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Figure 6.2

Suction stress and apparent cohesion versus matric suction for hypothetical soils at
different temperatures: (a) clay; (b) silt; and (c) sand.
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6.2.2

Temperature-Dependent Shear Strength Profiles versus Depth under Steady Flow
Suction generally varies within a slope, depending on soil types, the water table, slope

configuration, and atmospheric conditions. Using Darcy’s law, Lu and Griffiths (2004) developed
an analytical solution for steady-state suction stress profiles versus depth in terms of seepage
condition and hydraulic parameters. The Lu and Griffiths (2004) formulation is extensively used
for slope stability analysis purposes using different mechanisms such as the infinite (e.g., Lu and
Godt, 2008) or logspiral (e.g., Vahedifard et al., 2016b) failure mechanisms. In this study, we
extend the Lu and Griffiths (2004) formulation to account for the effect of temperature by
incorporating the temperature-dependent formulations for suction stress and effective stress
presented in the previous section. The temperature-dependent suction stress profile versus depth
will be then used to derive depth profiles for temperature-dependent shear strength and the FOS
under steady flow.
A one-dimensional steady-state matric suction profile as a temperature-dependent quantity
can be expressed as (see detailed derivation in Appendix I):

𝜓=

𝛾𝑤
𝑞
𝑞 𝛽𝑇 + 𝑇𝑟
𝑙𝑛 [(1 + ) 𝑒 −𝛽′𝑧 − ] ( 𝑟
)
𝛽′
𝑘𝑠
𝑘𝑠
𝛽+𝑇

(6.13)

where q is the steady vertical fluid flow rate (negative for infiltration and positive for evaporation),

w

is the unit weight of water, k s is the saturated hydraulic conductivity, which can be affected by

temperature because of the effect of temperature on water viscosity (Pillsbury, 1950; Philip, 1969).
The relationship between the saturated hydraulic conductivity and temperature is given by
(Constantz, 1982):
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𝑘𝑠 =

𝑘𝑖𝑛 𝜌𝑤 𝑔
𝜂(𝑇)

(6.14)

where kin is the intrinsic hydraulic conductivity assumed to be dependent only on the soil type,

w

is the density of water, g is the acceleration due to gravity, and  (T ) is the water viscosity

as a function of temperature as (Lide, 1995):

𝜂(𝑇) = 0.0002601 + 0.001517 𝑒𝑥𝑝[ − 0.034688 × (𝑇 − 273)]

(6.15)

Fig. 6.3 shows the change in the saturated hydraulic conductivity with temperature for clay,
silt, and sand. It is observed that the saturated hydraulic conductivity increases with an increase in
temperature. One of the reasons for this variation could be due to the decrease in viscosity of the
water under elevated temperatures (Constantz, 1982; Cui et al. 2008).

Figure 6.3

Variation of saturated hydraulic conductivity with temperature for: (a) clay; (b)
silt; and (c) sand.
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Using the BC SWRC model and Gardner (1958)’s hydraulic conductivity function, the
temperature-dependent effective degree of saturation depth profile can be written as (see derivation
in Appendix I):
1/𝑛

𝛽𝑇 + 𝑇𝑟
𝑞
𝑞
𝑆𝑒 = {𝑒𝑥𝑝 [𝑙𝑛 ((1 + ) 𝑒 −𝛽′𝑧 − ) ( 𝑟
)]}
𝑘𝑠
𝑘𝑠
𝛽+𝑇

(6.16)

By incorporating Eqs. 6.13 and 6.16 into Eq. 6.2 and Eq. 6.4, the final expressions for
temperature-dependent suction stress and apparent cohesion profiles under steady flow conditions,
respectively, are:

𝑞

𝑞

𝑠

𝑠

𝜎 𝑠 = − 𝑒𝑥𝑝 {𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ] (
𝑞
𝑘𝑠

](

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑘𝑠

𝑞

𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 −

𝛽′

𝑠

(6.17)

)

𝑞

𝑞

𝑠

𝑠

𝑐𝑎𝑝𝑝 = 𝑡𝑎𝑛 𝜙 ′ 𝑒𝑥𝑝 {𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ] (
𝑞

1/𝑛 𝛾
𝑤

)}

𝑞

) 𝑒 −𝛽′𝑧 − 𝑘 ] (
𝑠

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

1/𝑛 𝛾
𝑤

)}

𝛽′

𝑙𝑛 [(1 +

(6.18)

)

Similarly, the temperature dependent depth profile for effective stress of unsaturated soils
is given by:

𝑞

𝑞

𝑠

𝑠

𝜎′ = (𝜎 − 𝑢𝑎 ) + 𝑒𝑥𝑝 {𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ] (
𝑞
𝑘𝑠

𝑞

) 𝑒 −𝛽′𝑧 − 𝑘 ] (
𝑠

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

)
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𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

1/𝑛 𝛾
𝑤

)}

𝛽′

𝑙𝑛 [(1 +

(6.19)

From Eqs. 6.3 and 6.19, the shear strength profiles of unsaturated soils under elevated
temperature is evaluated by:
1/𝑛

𝑞
𝑞 𝛽𝑇 + 𝑇𝑟
(𝜎 − 𝑢𝑎 ) + 𝑒𝑥𝑝 {𝑙𝑛 [(1 + ) 𝑒 −𝛽′𝑧 − ] ( 𝑟
)}
𝑘𝑠
𝑘𝑠
𝛽+𝑇
𝜏 = 𝑐′ +
𝛾𝑤
𝑞
𝑞 𝛽𝑇 + 𝑇𝑟
𝑙𝑛 [(1 + ) 𝑒 −𝛽′𝑧 − ] ( 𝑟
)
𝛽′
𝑘𝑠
𝑘𝑠
𝛽+𝑇
(

6.2.3

𝑡𝑎𝑛 𝜙

(6.20)

)

Temperature-Dependent Factor of Safety under Steady Seepage
The FOS of infinite soil slopes is commonly determined as the ratio of shear strength to

the shear stress of soil (Duncan and Wright, 2005). For the FOS under unsaturated conditions, the
suction stress concept can be incorporated into the well-known equation for infinite slope stability
(Lu and Godt, 2008):

𝑡𝑎𝑛 𝜙 ′
2𝑐′
𝜎 𝑠 (𝑡𝑎𝑛 𝛿 + 𝑐𝑜𝑡 𝛿) 𝑡𝑎𝑛 𝜙 ′
𝐹𝑂𝑆 =
+
−
𝑡𝑎𝑛 𝛿
𝛾𝐻𝑠𝑠 𝑠𝑖𝑛 2 𝛿
𝛾𝐻𝑠𝑠

(6.21)

where  is the angle of slope with the horizontal plane,  is the unit weight of soil, H ss = ( H wt
- z) is the height of the sliding surface, with H wt being the total height between the water table
and the ground surface, and z is the depth above the water table. In the case of near-surface
problems, the pore-air pressure can be reasonably assumed to be constant and equivalent to
atmospheric pressure (e.g., Lu and Godt, 2008; Godt et al., 2012). The geometry and definition of
variables are shown in Fig. 6.4.
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Figure 6.4

Diagram of infinite slope stability for unsaturated soils under temperaturedependent conditions (modified after Lu and Godt, 2008).

Substituting the suction stress formulation that is extended through the BC model (Eq.
6.17) into Eq. 6.21, the FOS at elevated temperatures is calculated as:

𝐹𝑂𝑆 =
𝑞
𝑘𝑠

](

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝑡𝑎𝑛 𝜙′(𝑧)

1/𝑛

)}

𝑡𝑎𝑛 𝛿

×

𝛾𝑤
𝛽′

+ 𝛾(𝐻

2𝑐′

𝑞

𝑤𝑡 −𝑧) 𝑠𝑖𝑛 2𝛿

𝑞

𝑙𝑛 [(1 + 𝑘 ) 𝑒
𝑠

−𝛽′𝑧

+ 𝑒𝑥𝑝 {𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 −
𝛽𝑇 +𝑇𝑟

−

𝑠

𝑟
𝑞 ( 𝛽+𝑇 )(𝑡𝑎𝑛 𝛿+𝑐𝑜𝑡 𝛿) 𝑡𝑎𝑛 𝜙′(𝑧)
]
𝑘𝑠
𝛾(𝐻𝑤𝑡 −𝑧)

(6.22)

The soil temperature can vary with depth below the ground surface due to changes in the
thermal properties of soil such as thermal conductivity and heat flux applied on the surface
boundary. The variation of temperature with respect to depth can be defined using Fourier’s law
as:
𝑑𝑇
𝑞ℎ
=−
𝑑𝑧
𝜆

150

(6.23)

where qh is the heat flux density (Wm-2), which depends on the type of material and net radiation
and  is the thermal conductivity (W/mK), which can be calculated using a thermal conductivity
function (TCF) expressed in terms of degree of saturation as (Lu and Dong, 2015):
𝑚 1/𝑚−1

𝜆 − 𝜆𝑑𝑟𝑦
𝑆
= 1 − (1 + ( ) )
𝜆𝑠𝑎𝑡 − 𝜆𝑑𝑟𝑦
𝑆𝑓

(6.24)

where sat and dry are thermal conductivities at saturated (maximum) and dry (minimum) states,
respectively, S f is the degree of saturation at which the funicular regime of water retention is
onset, and m is defined as the pore fluid network connectivity parameter that could be related to
the pore-size parameter in SWRC models (Lu and Dong, 2015). In this study, we take m to be
equal to BC SWRC’s n parameter. Obtained from the data reported in Lu and Dong (2015), Table
6.1 shows the parameters used to calculate thermal conductivity for different soils.
The depth profiles of temperature can be determined using the concepts of thermal
conductivity and Fourier’s law. Fig. 6.5 shows the temperature gradient for sand, silt, and clay
soils for three surface temperatures of 25, 40, and 55°C, respectively. The temperature profiles
versus depth are calculated by assuming a constant heat flux and hydrostatic conditions. Assuming
a constant heat flux density of 3 Wm-2, a similar decreasing trend of temperature with depth is
noted for all three soils. This is due to the increase in thermal conductivity as the soil’s saturation
level increases towards the water table.
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Figure 6.5

6.3

Variation of temperatures with depth for a constant heat flux density of 3 Wm-2: a)
sand, b) silt, and c) clay for surface temperatures of 25°C, 40°C, and 55°C.

Results and Discussion
In this section, the effects of temperature on matric suction (Eq. 6.13), effective degree of

saturation (Eq. 6.16), apparent cohesion (Eq. 6.18), shear strength (Eq. 6.20), and FOS (Eq. 6.22)
for the three hypothetical soils are investigated under different flow conditions. The input
parameters are shown in Table 6.1. All calculations are performed for Hwt = 4 m and the unit weight
of the soil = 21 kN/m3. For each soil, three different flow rates are examined: infiltration (q = –
6.34×10−9 m/s), hydrostatic (no flow, q = 0), and evaporation (q = 1.15×10−8 m/s). These flow
rates are similar to those used in the literature for parametric study purposes (e.g., Lu and Godt,
2008; Vahedifard et al., 2015).
Fig. 6.6 demonstrates the depth profiles for matric suction (Figs. 6.6a, 6.6d, and 6.6g),
effective degree of saturation (Figs. 6.6b, 6.6e, and 6.6h), and apparent cohesion (Figs. 6.6c, 6.6f,
and 6.6i) of the clayey soil under steady flow conditions at surface temperatures of 25, 40, and
55°C. The results of each property are presented for different flow conditions through three rows:
hydrostatic (Figs. 6.6a, 6.6b, and 6.6c), infiltration (Figs. 6.6d, 6.6e, and 6.6f), and evaporation
(Figs. 6.6g, 6.6h, and 6.6i) conditions. As shown, the profiles of each property are sensitive to the
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flow conditions and elevated temperatures. For example, at T = 25°C, the curve shifts to the left
of hydrostatic for the infiltration condition and right of hydrostatic for the evaporation condition.
For the given flow rate, the matric suction and apparent cohesion shift to the right and effective
degree of saturation moves to the left as temperature increases. A similar monotonic trend is seen
for all variables at different temperatures.
For all flow conditions and depths, it is apparent from Fig. 6.6a that the matric suction
increases with an increase in temperature at a given depth. The percentage increase in the matric
suction is relatively higher at the ground surface since the temperature is maximum and the degree
of saturation is minimum. On the other hand, as seen in Fig. 6.6b, the effective degree of saturation
decreases with an increase in temperature. Similarly, a higher variation is observed close to the
surface than the near water table. At a given depth, the trend of predicted changes in matric suction
and effective degree of saturation with temperature is consistent with the experimental data (e.g.,
Grant and Salehzadeh, 1996; She and Sleep, 1998).
As shown in Fig. 6.6c, the apparent cohesion increases as temperature increases, this is due
to the temperature-induced increase in matric suction and the temperature-induced decrease in
effective degree of saturation. At a depth of 2 m, the apparent cohesion increases by approximately
33% and 73% for hydrostatic, increases by 37% and 80% for infiltration and increases by 28% and
60% for evaporation conditions by increasing temperature from 25°C to 40°C and 60°C,
respectively. The apparent cohesion of clayey soils, in general, primarily depends on
physicochemical forces like van der Waals and electrostatic forces near the contacts of soil
particles (Lu and Likos, 2006). Under elevated temperatures, the negative pore-water pressures
decrease due to the reduction in degree of saturation and change in physicochemical forces,
therefore increasing the interparticle forces (Plum and Esrig, 1969).
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Figure 6.6

Depth profile of matric suction, effective degree of saturation and apparent
cohesion for: (a-c) hydrostatic condition; (d-f) infiltration condition; and (g-i)
evaporation condition, for the clayey slope with  = 20° at temperatures 25, 40 and
55°C.

Fig. 6.7 depicts the depth profiles for matric suction (Figs. 6.7a, 6.7d, and 6.7g), effective
degree of saturation (Figs. 6.7b, 6.7e, and 6.7h) and shear strength (Figs. 6.7c, 6.7f, and 6.7i) for
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the silty soil under different flow conditions at temperatures of 25, 40, and 55°C. The trends are
similar to those seen for the clayey soil. The relative change in each property might be different;
however, the underlying physics dominating the observed trends remains the same. The apparent
cohesion increases by 26% and 52% (for hydrostatic), 40% and 80% (for infiltration), 22% and
44% (for evaporation) by increasing temperature from 25°C to 40°C and 60°C.
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Figure 6.7

Depth profile of matric suction, effective degree of saturation and apparent
cohesion for: (a-c) hydrostatic condition; (d-f) infiltration condition; and (g-i)
evaporation condition, for the silty slope with  = 30° at temperatures 25, 40 and
55°C.

Fig. 6.8 shows the results for the sandy soil. The matric suction (Figs. 6.8a, 6.8d, and 6.8g)
increases and the effective degree of saturation (Figs. 6.8b, 6.8e, and 6.8h) decreases with an
increase in temperature for all flow conditions. Unlike the clay and silt soils, the trend of apparent
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cohesion (Figs. 6.8c, 6.8f, and 6.8i) with temperature is non-monotonic. The non-monotonic
behavior of sand under ambient conditions is in accordance with the data reported in the literature
(Lu and Likos, 2006; Lu and Godt, 2008). The apparent cohesion increases minimally close to the
water table (up to 1 m above the water table) and decreases towards the surface by increasing
temperature from 25°C to 40°C, and 55°C. For example, under various flow conditions, for
instance at 0.5 m from the water table, the apparent cohesion increases by 7% and 24% by
increasing the temperatures from 25°C to 40°C, and 55°C. The apparent cohesion near the ground
surface, for instance at 3 m from the water table (or 1m below the surface) decreases by 9% and
34% by increasing the temperatures from 25°C to 40°C, and 55°C for various flow conditions.
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Figure 6.8

Depth profile of matric suction, effective degree of saturation and apparent
cohesion for: (a-c) hydrostatic condition; (d-f) infiltration condition; and (g-i)
evaporation condition, for the sandy slope with  = 35° at temperatures 25, 40
and 55°C.

Fig. 6.9 shows the depth profiles of shear strength with respect to different soils,
temperatures, and flow conditions. Consistent with the trends seen for apparent cohesion in Figs.
6.6 to 6.8, it is seen in Fig. 6.9 that the trend of shear strength for clay and silt is monotonic but for
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sand is non-monotonic. The results show the effect of temperature on the shear strength of sand
slopes is minimal. The trend of shear strength is completely dependent and similar to the variation
of suction stress with temperature, as the friction angle is assumed to be unchanged with a range
of temperatures considered. The shear strength variation with depth under both ambient and
elevated temperatures can be significant in the case of fine-grained soils (clay and silt). However,
due to the lack of physiochemical forces, the change is not notable for coarse-grained soils such
as sand. For clay and silt under various flow conditions, the shear strength increases with an
increase in temperature. For sand, the shear strength increases close to the water table and then
decreases towards the ground surface when the temperature is increased from 25°C to 40°C and
55°C.
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Figure 6.9

Depth profiles of shear strength for hydrostatic, infiltration and evaporation
conditions of (a-c) clay, (d-f) silt and (g-i) sand soils at temperatures T = 25°C,
40°C, and 55°C.

Fig. 6.10 shows the changes in FOS at different temperatures and flow conditions for the
clayey soil slope. Figs. 6.10a, 6.10b, and 6.10c present the changes in temperature dependent FOS
at hydrostatic, infiltration and evaporation conditions, respectively. As observed in the shear
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strength results, the increase in the magnitude of shear strength causes the FOS of clay slope to
increase at elevated temperatures. The impact of temperature on the FOS increases as the distance
from the water table increases. This behavior can be because the soil is close to saturation near the
water table and desorption starts towards the ground surface.

Figure 6.10

Depth profile of factor of safety at (a) hydrostatic condition; (b) infiltration
condition; and (c) evaporation condition, for the clayey slope with  = 25° at
temperatures 25, 40 and 55°C.

Fig. 6.11 shows the FOS of the silty slope at different temperatures and flow conditions.
Similar to the clay soil slope, the results indicate an increasing trend of the FOS at elevated
temperatures under all flow conditions for the silty soil slope. As temperature increases, the FOS
increases throughout the depth. The thermally induced change in the FOS is the highest near the
ground surface and decreases near the water table.
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Figure 6.11

Depth profile of factor of safety at (a) hydrostatic condition; (b) infiltration
condition; and (c) evaporation condition, for silty slope with  = 30° at
temperatures 25, 40 and 55°C.

Fig. 6.12 shows the depth profiles for the FOS of the sandy soil slope at elevated
temperatures. The results indicate a non-monotonic trend of the FOS at elevated temperatures
under all flow conditions. With an increase in temperature, as shown, the FOS increases slightly
near the water table and then decreases as the distance from the water table increases. The changes
in FOS due to elevated temperatures for the sand slope is lesser compared to fine-grained soil
slopes.
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Figure 6.12

Depth profile of factor of safety at (a) hydrostatic condition; (b) infiltration
condition; and (c) evaporation condition for the sandy slope with  = 35° at
temperatures 25, 40 and 55°C.

To further illustrate the temperature effect on the FOS, the variation of the FOS versus
temperature for clay, silt, and sand under different flow conditions are shown in Fig. 6.13. As seen,
for all soils, the rate of change in the FOS is higher near the ground surface and the rate reduces
when approaching the water table. Fig. 6.13a demonstrates the changes in the FOS at 2 m above
the water table (i.e., 2 m below the ground surface) and 3 m above the water table (i.e., 1 m below
the ground surface) for the clay soil. At 3 m above the water table, the FOS increases by
approximately 14% and 30% by increasing the surface temperature from 25°C to 40°C and 55°C
under the hydrostatic condition. For the infiltration and evaporation conditions, the FOS of the
clay slope increases by approximately 14%, 31% and 13%, 28%, respectively, by increasing the
surface temperature from 25°C to 40°C and 55°C. At a closer distance to the water table (i.e., 2
m), the FOS of the clay slope increases by approximately 9% and 19% under the hydrostatic
condition, increases by approximately 9%, 20% and 9%, 19% for infiltration and evaporation
conditions, respectively, by increasing the temperature from 25°C to 40°C and 55°C.
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For the silt slope, as shown in Fig. 6.13b, at a distance of 3 m from the water table the FOS
increases by approximately 12%, and 22% by increasing the temperature from 25°C to 40°C and
55°C under the hydrostatic condition. With the infiltration and evaporation conditions, the FOS
increases by approximately 17%, 33% and 10%, 18%, respectively. At 2 m distance above the
water table, the FOS increases by approximately 8% and 17% for the hydrostatic condition and by
approximately 10%, 20% and 8%, 15% for the infiltration and evaporation conditions,
respectively. For the sand soil (Fig. 6.13c), at a depth 1 m above the water table, the FOS increases
approximately by 0.5%, 1% and at 3m depth, it decreases by approximately 2%, 8% by increasing
temperature from 25°C to 40°C, and 55°C, respectively, under all seepage conditions. The effect
of temperature on the capillary mechanism is the main factor that contributes to the observed trend
in the sandy soil. For the sandy slope, overall, the flow and thermal conditions are shown to have
a negligible effect.

Figure 6.13

Factor of safety versus temperature for (a) clay; (b) silt; and (c) sand soils.
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The presented results in this study showed that, under drained conditions, elevated
temperatures increase the stability of unsaturated slopes. This trend is consistent with the
observation reported by Bennett et al. (2016), who used aerial photograph analysis, satellite
interferometry, and satellite pixel tracking to examine the effect of California’s historic 2012-2015
drought on 98 slow-moving landslides in Northern California. Their study showed that the historic
drought put the brakes on these landslides. Bennett et al. (2016) concluded that the drought
decelerates the earthflow, slowdowns the landslide motion, and reduces the frequency of slope
failure (Mackey and Roering, 2011; Bennett et al., 2016). Elevated temperatures and moisture
deficit associated with the drought would increase suction, which in turn increases the shear
strength and FOS of unsaturated slopes.
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CHAPTER VII
EFFECT OF ELEVATED TEMPERATURES ON LATERAL EARTH PRESSURES IN
UNSATURATED SOILS
This chapter has been accepted for publication in the proceeding of 4th European
Conference on Unsaturated Soils, E-UNSAT 2020. This chapter has been reformatted and
replicated herein with minor modifications in order to outfit the purposes of this dissertation.

7.1

Introduction
Earth retention systems such as retaining walls and MSE walls are primarily designed and

analyzed using lateral earth pressure methods. Backfill soils in these systems are mostly in an
unsaturated state during the life span of the structure, which highlights the importance of
considering unsaturated soil mechanics for lateral earth pressure calculations. To address this need,
several studies have extended classical earth pressure theories such as Rankine’s and Coulomb’s
methods to unsaturated soils to account for the role of matric suction (Fredlund and Rahardjo 1993;
Lu and Likos 2004; Vahedifard et al. 2015). For example, Lu and Likos (2004) extended Rankine’s
method by incorporating a suction stress-based effective stress representation. Liang et al. (2012)
extended Coulomb’s method to unsaturated soils using two independent stress state variables.
Vahedifard et al. (2015) presented an analytical framework for calculating the thrust of active earth
pressures under unsaturated steady flow conditions by employing the suction stress-based effective
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stress and a log spiral surface. Shahrokhabadi et al. (2019) incorporated the effect of transient
unsaturated seepage into Rankine’s theory.
All of the existing models for determining lateral earth pressures in unsaturated soils are
developed and applicable only under ambient temperature. However, unsaturated backfill soils can
be exposed to elevated temperatures due to soil-atmospheric interactions under drought events,
wildfires, heatwaves, and warm spells, or the heat induced by emerging geotechnical and geoenvironmental technologies such as geothermal boreholes and thermally active earthen systems
(Stewart and McCartney 2013; Stewart et al. 2014; McCartney et al. 2016). Some of the thermal
energy applications require maintaining at least 35 °C to operate the system (McCartney et al.
2016]. The soil surrounding the solid waste landfills in vertical trenches may undergo temperatures
as high as 50-80 °C depending on the nature of decomposition (Coccia et al. 2013). Further, it is
reported that earth retention systems are frequently subjected to elevated temperatures of over 50
°C in arid environments, which can considerably increase the temperature within the backfill soil
as well (Kasozi et al. 2015).
Temperature can have a notable impact on hydro-mechanical response of unsaturated soils
(Hopmans and Dane 1986; Grant and Salehzadeh 1996; Vahedifard et al. 2018), and thus on lateral
earth pressures. Elevated temperatures can affect matric suction and degree of saturation, which
are the critical parameters controlling the suction stress and, subsequently, the hydro-mechanical
behavior of unsaturated slopes and earthen structures (Hopmans and Dane 1986; Grant and
Salehzadeh 1996; Vahedifard et al. 2018). Therefore, it is prudent to consider the effects of
temperatures in lateral earth pressure calculations for applications involving elevated temperatures.
However, there is no theoretical model in the current literature to estimate earth pressure under
elevated temperatures.
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The current study aims to develop closed-form models to calculate active and passive earth
pressures for unsaturated soils under elevated temperatures. A temperature-dependent model for
the suction stress-based effective stress recently developed by Vahedifard et al. (2018; 2019) is
used, which incorporates two primary temperature-dependent variables of matric suction and
effective degree of saturation. The temperature-dependent effective stress is then incorporated into
Rankine’s classic earth theory to extend it to unsaturated soils subjected to elevated temperature.
The proposed models are exercised for three hypothetical soil types of clay, silt, and sand to
determine active and passive earth pressure profiles under hydrostatic conditions at surface
temperatures of 25, 40, and 55 °C.
7.2
7.2.1

Theory and Formulations
Effective stress in unsaturated soils

Building upon Bishop’s effective stress theory (Bishop 1959), the suction stress-based effective
stress is used in this study to describe the state of stress in unsaturated soils as follows (Lu and
Likos 2004; Lu et al. 2010):
𝜎 ′ = 𝜎 − 𝑢𝑎 − 𝜎 𝑠

where  ' is effective stress,

(7.1)

 is the total stress, ua is the pore-air pressure (which is assumed to

be equal to the atmospheric pressure in this study), and  s is the suction stress, which can be
calculated as (Lu et al. 2010):

𝜎 𝑠 = −𝜓𝑆𝑒
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(7.2)

where  is the matric suction, representing the difference between pore-air pressure and porewater pressure, and S e is the effective degree of saturation and can be represented by a soil-water
retention curve (SWRC) model (Lu et al. 2010; Lu and Likos 2006).
7.2.2

Temperature-dependent suction stress profile versus depth under hydrostatic
condition
To establish a relationship between the matric suction and the degree of saturation, we use

the Brooks and Corey SWRC model (Brooks and Corey 1964) (referred to as the BC model
hereafter), recently extended to temperature-dependent conditions by Vahedifard et al. (2018,
2019). The extended BC SWRC model considers the effect of temperature on capillarity as a
function of surface tension, contact angle, and enthalpy of immersion per unit area for unsaturated
soils. These formulations further are used to develop expressions for matric suction, effective
degree of saturation and suction stress under elevated temperatures.
The matric suction depth profile generally varies depending on the soil type, effective
degree of saturation, and the depth of the water table. Using Darcy’s law, one can express the
matric suction in terms of depth and hydraulic parameters (Thota et al. 2019). A one-dimensional
matric suction profile under hydrostatic conditions as a temperature-dependent quantity is
expressed as (Grant and Salehzadeh 1996; Vahedifard et al. 2018, 2019):
𝜓 = 𝛾𝑤 𝑧 (

𝛽𝑇𝑟 + 𝑇𝑟
)
𝛽+𝑇

(7.3)

where  Tr and  are regression parameters depending on the contact angle and enthalpy of
immersion, and T is the temperature in Kelvin, Tr is the reference temperature,  w is the unit weight
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of water, and z is the depth above the water table. Fig. 7.1 shows the variation of matric suction
with depth at various temperatures. For all soils, it is evident that the matric suction increases with
an increase in temperature.
Using Gardner’s hydraulic function, the BC SWRC model and Eq. 7.3, the temperaturedependent effective saturation depth profile under hydrostatic conditions can be written as:
1/𝑛

𝛽𝑇 + 𝑇𝑟
𝑆𝑒 = {𝑒𝑥𝑝 [−𝛽′𝑧 ( 𝑟
)]}
𝛽+𝑇

(7.4)

where  ' and n are the SWRC fitting parameters related to air entry pressure and the pore size
distribution, respectively. By incorporating Eqs. 7.3 and 7.4 into Eq. 7.2, the final expression for
temperature-dependent suction stress versus depth under hydrostatic condition is:
1/𝑛

𝛽𝑇 + 𝑇𝑟
𝜎 = {𝑒𝑥𝑝 [−𝛽′𝑧 ( 𝑟
)]}
𝛽+𝑇
𝑠
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𝛾𝑤 𝑧 (

𝛽𝑇𝑟 + 𝑇𝑟
)
𝛽+𝑇

(7.5)

Figure 7.1

Depth profiles of matric suction: (a) clay (b) silt and (c) sand soils at temperatures
25, 40, and 55 °C.
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7.2.3

Lateral earth pressures of unsaturated soils at elevated temperatures
We use Eqs. 7.3 to 7.5 to extend Rankine’s active and passive earth pressure formulations

for unsaturated soils proposed by Lu and Likos (2004) to temperature-dependent conditions. Fig.
7.2 depicts the schematic diagram of active and passive earth pressures for unsaturated soils under
elevated temperatures. A steady temperature is applied on the soil surface and is assumed to remain
constant throughout the depth. The temperature-dependent active and passive earth pressure
profiles versus depth for unsaturated soils are determined as:
1/𝑛

𝛽𝑇 + 𝑇𝑟
𝜎ℎ − 𝑢𝑎 = (𝜎𝑣 − 𝑢𝑎 )𝐾𝑎 − 2𝑐′√𝐾𝑎 − {𝑒𝑥𝑝 [−𝛽′𝑧 ( 𝑟
)]}
𝛽+𝑇
− 𝐾𝑎 )

𝛾𝑤 𝑧 (

𝛽𝑇𝑟 + 𝑇𝑟
) (1
𝛽+𝑇

(7.6)

𝛾𝑤 𝑧 (

𝛽𝑇𝑟 + 𝑇𝑟
) (1
𝛽+𝑇

(7.7)

1/𝑛

𝛽𝑇 + 𝑇𝑟
𝜎ℎ − 𝑢𝑎 = (𝜎𝑣 − 𝑢𝑎 )𝐾𝑝 + 2𝑐′√𝐾𝑝 − {𝑒𝑥𝑝 [−𝛽′𝑧 ( 𝑟
)]}
𝛽+𝑇
− 𝐾𝑝 )

where  h is the horizontal earth pressure,  v = (T’ – z)γ is the vertical earth pressure can also be
termed as the overburden pressure, T’ is the total depth of overburden, which can vary as T a or Tp
depending on active or passive mode, γ is the unit weight of soil, c ' is the cohesion, K a is the
coefficient of active earth pressure, K p is the coefficient of passive earth pressure.
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Figure 7.2

Schematic diagram of active and passive earth pressures for unsaturated soils
under elevated temperatures.

The right side of the retaining wall in Fig. 7.2 represents the passive mode of lateral earth
pressure where the soil is in a compressive state. The water table is set 6 m below the surface on
this side. In the passive region, the horizontal pressure increases and is greater than the vertical
pressure. The left side of the wall is in the active state of lateral earth pressure where the wall
moves away from the soil. The water table is set at 10 m from the fill surface on this side. The
horizontal pressure reduces and is less than the vertical pressure in the active region. Therefore,
depending on the region considered, the overburden pressure changes.
7.3

Results and Discussion
The depth profiles for active and passive earth pressures at different suction stress under

hydrostatic conditions can be calculated by Eqs. 7.6 and 7.7, respectively. The hydraulic and
shear strength parameters for the soil types used in the analysis are shown in Table 7.1.
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Table 7.1

Input parameters used for earth pressure calculations
Hydraulic parameters

Soil
Clay
Silt
Sand

n

-1
 ' (kPa )

hTr (J/m2)

2
3
4

33.33
3.33
3

-0.516
-0.285

Shear strength
parameters

c (kPa)
25o
33o
35o

10
2
0

Geometry
Ta = 10 m
Tp = 6 m

Fig. 7.3 shows the depth profiles for the clay at temperatures 25, 40, and 55 °C, respectively.
The results plotted to show the effect of temperature on suction stress, active and passive pressures
at various depths. The absolute magnitude of suction stress decreases with an increase in
temperature from ambient conditions. For instance, when the temperature increases from 25 °C to
40 °C and 55 °C at a depth 4 m above the water table, the suction stress decreases by 31% and 68%,
respectively (Fig. 7.3a). Changes in the degree of saturation could affect matric suction in
unsaturated soils. These could further affect suction stress of the soil under elevated temperatures.
The changes in matric suction with temperature are attributed to temperature-induced changes in
the surface tension, contact angle and wettability of soil (Grant and Salehzadeh 1996; Vahedifard
et al. 2018, 2019).
At elevated temperatures, the increase in suction stress decreases the active earth pressure
and increases the passive pressure as shown in Figs. 7.3(b) and 7.3(c), respectively. Consistent
with temperature-induced changes in the suction stress, the active earth pressure decreases by 75%
and 150% and the passive earth pressure increases by 9% and 21% by raising the temperature from
25 to 55 °C. It is observed that the tension zone (i.e., negative earth pressure) varies depending on
temperature and depth. The zone of soil layer under tension stress increases with an increase in
temperature. The top layers of 5 m for 25 °C, 5.5 m for 40 °C, and 6 m for 55 °C are under negative
active earth pressures, respectively. The increase in the tension zone may cause cracks to propagate
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deeper from the surface. The formation of deeper tension cracks followed by variation in the degree
of saturation may cause drastic pore-water pressure changes in the soil. The changes in the
properties with temperature are attributed to the physicochemical variation of pore-water on and
around the soil particles, which can have a notable effect on lateral earth pressures and cracked
zone.
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Figure 7.3

Depth profiles of (a) suction stress (b) active earth pressure and (c) passive earth
pressure for clayey soil at temperatures 25, 40, and 55 °C.

Fig. 7.4 shows the depth profiles of the silty soil at temperatures of 25, 40, and 55 °C,
respectively. A similar trend is observed for the silt with a relative change in each property is lesser
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than observed for the clay. At depth 4 m above the water table, the suction stress increases by 20%
and 37% (Fig. 7.4a). The active earth pressure (Fig. 7.4b) decreases by 24% and 46% and the
passive earth pressure (Fig. 7.4c) increases by 5% and 10% with the elevation of temperature from
25 °C to 40 °C and 55 °C, respectively.
Fig. 7.5 shows the depth profiles of the sandy soil at temperatures of 25 °C, 40 °C, and 55
°

C, respectively. The plots indicate the hydrostatic condition has minimal effect on suction stress

and thus insignificant contribution to changes in active and passive earth pressures. However, the
elevation of temperature from ambient conditions can have a relatively noticeable effect on suction
stresses profiles and hence, on the lateral earth pressures. For instance, at a distance of 4 m above
the water table and if the temperature increases from 25 to 40 and 55 °C, the suction stress (Fig.
7.5a) increases approximately by 6% and 22% and the active earth pressure (Fig. 7.5b) decreases
by 9% and 32% and the passive earth pressure (Fig. 7.5c) increases by 2% and 7%, respectively.
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Figure 7.4

Depth profiles of (a) suction stress (b) active earth pressure and (c) passive earth
pressure for silty soil at temperatures 25, 40, and 55 °C.
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Figure 7.5

Depth profiles of (a) suction stress (b) active earth pressure and (c) passive earth
pressure for sandy soil at temperatures 25, 40, and 55 °C.
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CHAPTER VIII
DRAINED AND UNDRAINED MODELS FOR ULTIMATE PILE BEARING CAPACITY OF
ENERGY PILES IN UNSATURATED FINE-GRAINED SOILS AT ELEVATED
TEMPERATURES
This chapter has been submitted for review and possible publication in a scholarly
journal. The paper is currently under peer review process while this dissertation has been written.
This chapter has been reformatted and replicated herein with minor modifications in order to outfit
the purposes of this dissertation.
8.1

Introduction
Driven piles are extensively used in various geotechnical and geoenvironmental

applications to transfer the mechanical load to deeper depths, resist horizontal and uplift
movements, and avoid excessive settlement. Accurately determining the ultimate bearing capacity
of a driven pile is an important step in the geo-structural design and analysis of piles. Earlier
methods for calculating the ultimate bearing capacity of piles, conventional methods (e.g.,
Skempton, 1959; Chandler, 1968; Burland, 1973) were developed based on the classic soil
mechanics, ignoring the role of matric suction in unsaturated foundation soils. To address this gap,
more recent studies have attempted to employ the unsaturated soil mechanics through experimental
and theoretical studies to understand the ultimate bearing capacity of unsaturated soils. For
instance, Georgiadis et al. (2003) developed a constitutive relation and implemented into the finite
element analysis to study the influence of partial saturation on the behavior of piles. Vanapalli and
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Taylan (2012) extended the conventional methods to unsaturated drained and undrained
mechanical loading conditions, to understand variation of skin pile capacity.
Over the past decade, there has been a rapidly growing interest toward using driven piles
along with emerging geo-energy applications in an attempt to utilize renewable geothermal energy
for heating and cooling of buildings (e.g., Brandl, 2006; Laloui et al., 2006; Suryatriyastuti et al.,
2013; McCartney et al., 2019). In these piles (referred to as energy piles or heat exchanger piles),
the mechanical load combinedly occur with thermal load. During energy pile operations, the soil
temperature can increase as high as 45 °C (Xiao et al., 2014; Liu et al., 2019; Goode and
McCartney, 2015). Such combined thermo-mechanical loads can further affect the porous
properties of the soil surrounding the pile and interface parameters and in turn, the ultimate pile
bearing capacity. The majority of previous studies on the ultimate bearing capacity of energy piles
are limited to dry or saturated conditions and are not applicable to unsaturated conditions. Besides,
there are some discrepancies in the experimental data of ultimate bearing capacity versus
temperature in the literature. Hence, it is desirable to have closed-form models built on
fundamental theories that provide further insight into the trend of pile capacity with temperature
and water content. Gaps remain for an analytical framework that can reasonably capture the effects
of temperature on the ultimate bearing capacity of energy piles in unsaturated soils. Such a
framework can facilitate efficient design and analysis of energy piles.
This study aims to develop an analytical framework to estimate the ultimate bearing
capacity of driven piles in unsaturated soils subjected to elevated temperatures under drained
heating and drained and undrained mechanical loading conditions. The temperature dependent
models for effective stress and undrained shear strength are incorporated into drained and
undrained formulations of the skin and end bearing capacity of the driven pile. The proposed
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models include the effect of temperature on matric suction, water content, and pile-soil interface
parameters. The models are validated against data available in the literature. A parametric study is
carried out to evaluate the ultimate pile bearing capacity in clay at different temperatures ranging
from 5 °C to 45 °C.
8.2

Background
The variation of pile capacity when heated is influenced by various factors such as soil and

pile properties and interface properties. Several studies have conducted field and laboratory tests
to examine the response of energy piles under thermal loading with dry and saturated conditions
(e.g., Laloui et al., 2006; McCartney and Rosenberg, 2011; Kramer and Basu, 2014; Ng et al.,
2015; Liu et al., 2019). Results of tests in the literature report different trends of pile capacity with
temperature. McCartney and Rosenberg (2011) observed about 40% increase in pile shaft capacity
in Bonny silt as a result of heating the pile by 41 °C. Wang et al. (2014) tested a pile in silt soil
and showed that the ultimate shaft capacity of pile at 38 °C was higher than that at the initial
temperature of 20 °C. Laboratory results reported by Ng et al. (2015) indicated that the pile
capacity increases by increasing temperature from 22 °C to 37 °C and 52 °C, respectively. Ng et
al. (2015) observed two distinct behaviors: (i) an increase in pile capacity by 13% is through the
shaft capacity when the pile is heated to 37 °C from 22 °C and (ii) a larger increase in pile capacity
of 30% is through end bearing capacity when the pile is heated to 52 °C from 22 °C. Many
investigators have developed numerical models to study the effect of temperature on the ultimate
pile capacity (e.g., Knellwolf et al., 2011; Suryatriyastuti et al., 2014; Olgun et al., 2014; Saggu
and Chakraborty, 2015).
Numerical studies have been performed to simulate the experimental data (e.g., Di Donna
and Laloui, 2013; Di Donna et al., 2016a; Rotta Loria et al., 2015; Fuentes et al., 2016; Fu, 2017).
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According to numerical studies, an increase in the thermal load increases the magnitude of the
shaft and end bearing capacities of the pile. Though there is some contrary, the majority of previous
studies agree the pile capacity increases with an increase in temperature.
The effect of temperature on properties of the soil-energy pile interface is another factor
that can influence the overall pile capacity. Vasilescu et al. (2019) conducted lab tests and
evaluated the interface friction angle for saturated soil and concrete pile interface at temperature 8
°C, 13 °C, and 18 °C. For a given stress state condition, the paper concludes that the variation in
the internal friction angle is very low is in the range of increase or decrease by 0.7 relative to the
initial value. From the laboratory results of Yazdani et al. (2018) performed a set of laboratory
tests and found that the interface strength of the saturated clay-concrete pile increases with an
increase in temperature from 24 °C to 34 °C. The soil-pile interface is more critical compare to the
soil to soil interface because of having lesser shear strength (Yazdani et al., 2018; Vasilescu et al.,
2019). Therefore, it is important to consider temperature effects on vulnerable soil pile interface.
Di Donna et al. (2016b) conducted tests on clay-concrete interfaces at different temperatures. The
saturated clay-concrete pile interface, the increase in the adhesion component, while the reduction
of interface friction angle at elevated temperature is noted. Experimental results of Fu (2017) show
that an increase in temperature can cause a decrease in water content and an increase in interface
angle and adhesion component. On the other hand, Akrouch et al. (2014) and Yavari et al. (2016)
observed the change in the interface angle and adhesion are negligible with increasing temperature.
There are only very few studies researched energy piles under unsaturated conditions.
However, existing studies show the overall performance of energy piles is affected by the
unsaturated conditions and elevated temperatures (e.g., Goode and McCartney, 2015; Wang et al.,
2012; Uchaipichat, 2013; Akrouch et al., 2015; Fu, 2017). Goode and McCartney (2015)
183

performed centrifuge tests on a model thermo-active pile embedded in silt. They observed a
decrease in water content and an increase in pile shaft capacity as a result of heating the pile from
the room temperature to 41 °C. Conversely, Wang et al. (2012) reported a reduction in the shaft
capacity with temperature in their experimental tests. They observed a drop in the shaft capacity
of pile in fine sand with the water content of 0%, 2%, and 4% when pile temperature was increased
from 20 °C to 60 °C. Uchaipichat (2013) showed that the undrained shear strength and the ultimate
pile bearing capacity of unsaturated soils decrease with increasing temperature for the soil
surrounding the pile. Fu (2017) found that in experimental tests on energy piles with a low degree
of saturation soils, an increase in adhesion due to a positive effect of matric suction than the
negative effect of increasing temperatures from 15 to 35 °C is observed. However, in tests on
energy piles in soil with a relatively high degree of saturation, the adhesion decreased with
increasing temperatures since the positive effect of suction was not large enough to overcome the
negative effect of increasing temperatures. The friction angle for soils with low and high degrees
of saturation changed slightly with temperature.
The pile response to thermo-mechanical loading noted in the existing studies are not in
agreement with each other. The different trends could be due to different responses of soil type,
water content, and initial testing conditions. A very few studies reported the results and trends
under unsaturated conditions.
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8.3
8.3.1

Model Development
Temperature Dependent Profiles of Matric Suction and Degree of Saturation
The shear strength and bearing capacity characteristics of unsaturated soils are mainly

controlled by changes in matric suction and degree of saturation. Thus, the first step towards
developing the temperature-dependent formulation for the ultimate pile bearing capacity involves
the determination of matric suction and degree of saturation profiles for drained and undrained
mechanical loading conditions.
8.3.1.1

Drained condition
Based on Bishop’s effective stress principle (Bishop, 1959), the suction stress based

effective stress of unsaturated soils is defined as (Lu et al. 2010),

𝜎′ = (𝜎 − 𝑢𝑎 − 𝜎 𝑠 )

(8.1)

where  is the total stress, ua is the pore-air pressure, and  s is the suction stress, which can be
defined as (Lu et al., 2010),
𝜎 𝑠 = −𝜓𝑆𝑒

(8.2)

where  is the matric suction and S e represents the effective degree of saturation. Building on
the suction stress based effective stress and the classic Mohr-Coulomb shear strength criteria, one
can obtain the shear strength of unsaturated soils by (Lu et al., 2010; Vahedifard et al., 2016),
𝜏 = 𝑐′ +(𝜎 − 𝑢𝑎 − 𝜎 𝑠 ) 𝑡𝑎𝑛 𝜙 ′
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(8.3)

where  is the shear strength, c ' is the effective cohesion,  ' is the effective friction angle. The
above formulations (Eqs. 8.1 to 8.3), which were originally defined under ambient conditions, can
be extended to elevated temperature conditions by incorporating temperature-dependent matric
suction and the soil water retention curve (SWRC) (Vahedifard et al. 2018, 2019). The temperature
dependency of matric suction can be expressed as (Grant and Salehzadeh, 1996),
𝜓 = 𝜓 𝑇𝑟 (

𝛽+𝑇
)
𝛽𝑇𝑟 + 𝑇𝑟

(8.4)

where  Tr is the matric suction at the reference temperature Tr . As defined,  Tr is a regression
parameter at the reference temperature, which depends on surface tension, enthalpy of immersion
per unit area and contact angle. The parameter  is calculated as (Grant and Salehzadeh, 1996),

𝛽=

−𝛥ℎ𝑇𝑟
−𝛥ℎ + 𝑎(𝑐𝑜𝑠 𝛼 ′) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ′) 𝑇𝑟 𝑇𝑟

(8.5)

where  ' is the temperature-dependent soil-water contact angle, a and b are fitting parameters that
can be estimated as a = 0.11766 Nm −1 and b = −0.0001535 Nm −1K −1 (Dorsey, 1940; Haar et al.,
1984), and h is the enthalpy of immersion per unit area, which can be determined by
experimental measurements or by using the differential enthalpy of adsorption of the vapor
(Vahedifard et al., 2020). Grant and Salehzadeh (1996) ignored the effect of temperature on the
enthalpy of immersion. Watson (1943), however, demonstrated that temperature could affect the
enthalpy of immersion as well. In this study, as suggested by Vahedifard et al. (2018, 2019), the
following temperature-dependent equation is used to define the enthalpy of immersion per unit
area (Watson, 1943):
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1 − 𝑇𝑟 0.38
𝛥ℎ = 𝛥ℎ 𝑇𝑟 (
)
1−𝑇

(8.6)

where hT is the enthalpy of immersion per unit area at the reference temperature.
r

The temperature-dependent form of the soil-water contact angle is given as (Grant and
Salehzadeh, 1996):

𝑐𝑜𝑠 𝛼 =

−𝛥ℎ + 𝑇𝐶1
𝑎′ + 𝑏𝑇

(8.7)

where C1 is a constant, which can be determined as (Grant and Salehzadeh, 1996):

𝐶1 =

𝛥ℎ 𝑇𝑟 + 𝑎(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 + 𝑏(𝑐𝑜𝑠 𝛼 ) 𝑇𝑟 𝑇𝑟
𝑇𝑟

(8.8)

The evaluation of regression parameters and the above equations is thoroughly discussed
and validated in Vahedifard et al. (2018, 2019).
8.3.1.2

Undrained condition
In the case of an undrained condition, it is assumed that the water content remains constant.

However, the matric suction can be affected by temperature. It means that the water is not allowed
to drain out, but the pore-air pressure may change under heating conditions. Therefore, assuming
a temperature-independent water content and using the Young-Laplace principle, the temperature
dependent matric suction is written as a function of surface tension and contact angle for a given
pore (e.g., Philip and de Vries, 1957; Grant and Bachmann, 2002),
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𝑑𝜓 𝜕𝜓 𝜕𝜎
𝜕𝜓 𝜕 𝑐𝑜𝑠 𝛼 ′
=
+
𝑑𝑇 𝜕𝜎 𝜕𝑇 𝜕 𝑐𝑜𝑠 𝛼 ′ 𝜕𝑇

(8.9)

1 𝑑𝜓 1 𝜕𝜎
1 𝜕 𝑐𝑜𝑠 𝛼
=
+
𝜓 𝑑𝑇 𝜎 𝜕𝑇 𝑐𝑜𝑠 𝛼 𝜕𝑇

(8.10)

A solution for the above equation is derived by incorporating the linear relation of surface
tension for the first term (Grant and Bachmann, 2002; Grant and Salehzadeh, 1996) and rewriting
the contact angle term as a measurable quantity such as enthalpy of immersion (Harkins and Jura,
1944). The solution is then simplified as suggested by Harkins and Jura (1944),

1
𝑎 + 𝑏𝑇𝑟
𝛽+𝑇
𝜓 𝑇 = 𝜓 𝑇𝑟 [ 𝑎
+(
)(
)]
𝑎 + 𝑏𝑇 𝛽𝑇𝑟 + 𝑇𝑟
(𝑏 + 𝑇)

(8.11)

where the first term in the bracket represents the contribution from the temperature dependent
surface tension and the second term is the contribution from the temperature dependent contact
angle and enthalpy of immersion.
To validate Eq. 8.11, the predicted values from Eq. 8.11 are compared against four sets of
experimental data from the literature. Fig. 8.1 shows the predicted and measured matric suction at
different temperatures using experimentally measured data reported by Uchaipichat (2005) on
Bourke silt at two constant water contents of 0.08 and 0.14, (Fig. 8.1a), Faybishenko (1983) on
loam soil at three constant water contents of 0.30, 0.326, and 0.347 (Fig. 8.1b), Romero et al.
(2001) on artificially prepared material obtained from natural Boom clay with water contents of
0.06, 0.07, 0.08, 0.09, 0.1 and 0.11 (Fig. 8.1c), and Gardner (1955) on coarse sand at a water
content of 0.03 (Fig. 8.1d). The enthalpy of immersion at the reference temperature used for each
of the subfigures of Fig. 8.1 are -0.41 J/m2 (Fig. 8.1a), -0.3 J/m2 (Fig. 8.1b), -0.24 J/m2 (Fig. 8.1c),
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and -0.45 J/m2 (Fig. 8.1d). The experimental and predicted data are plotted for different initial
matric suction/constant water contents. The predicted matric suctions exhibit a very good match
with the experimental data throughout the temperature range. It is worth noting that Eq. 8.11 has
only one input variable that is the initial enthalpy of immersion remaining all other parameters are
constant. The initial enthalpy of immersion varies with the type of soil. With this one input
variable, the formulation can predict changes in matric suction with temperature for given water
content.

Figure 8.1

Comparison of predicted data of matric suction with temperature and measured
data of: (a) Bourke silt, (b) loam, (c) Boom clay, and (d) coarse sand.
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8.3.1.3

Hydraulic profiles under drained and undrained conditions
For one-dimensional vertical liquid water flow in isotropic and homogenous materials,

Darcy’s law connects the total potential gradient and flow rate as,

𝑞 =−𝑘(

𝑑ℎ𝑡
+ 1)
𝑑𝑧

(8.12)

where k is the hydraulic conductivity depending on the total head, ht = -   , z is the distance
w
above the water table,

 w is the unit weight of water, q is the steady vertical fluid flow rate (zero

for hydrostatic, negative for infiltration, and positive for evaporation). Lu and Griffiths (2004)
developed an analytical solution for matric suction profiles as a function of seepage condition and
hydraulic parameters,

𝜓=

𝛾𝑤
𝑞
𝑞
𝑙𝑛 [(1 + ) 𝑒 −𝛽′𝑧 − ]
𝛽′
𝑘𝑠
𝑘𝑠

(8.13)

where  ' is the air entry parameter of the SWRC and k s is the saturated hydraulic conductivity.
The temperature can affect matric suction in the soil mass through the interface of air and water
phases and porous fluid structure. The formulation for temperature-dependent matric suction is
established and validated by Grant and Salehzadeh (1996) and Vahedifard et al. (2018, 2019). By
including the matric suction-dependent equation in the above equation, a one-dimensional steadystate matric suction profile as a temperature-dependent quantity for the drained condition can be
expressed as (Thota et al., 2019):
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𝜓=

𝛾𝑤
𝑞
𝑞 𝛽𝑇 + 𝑇𝑟
𝑙𝑛 [(1 + ) 𝑒 −𝛽′𝑧 − ] ( 𝑟
)
𝛽′
𝑘𝑠
𝑘𝑠
𝛽+𝑇

(8.14)

The saturated hydraulic conductivity can be affected by temperature because of the effect
of temperature on water viscosity (Pillsbury, 1950; Philip, 1969). The relationship between the
saturated hydraulic conductivity and temperature is given by (Constantz, 1982):

𝑘𝑠 =

𝑘𝑖𝑛 𝛾𝑤
𝜂(𝑇)

(8.15)

where kin is the intrinsic hydraulic conductivity assumed to be dependent only on the soil type,
and  (T ) is the water viscosity, which can be defined as a function of temperature by (Lide, 1995):

𝜂(𝑇) = 0.0002601 + 0.001517 𝑒𝑥𝑝[ − 0.034688 × (𝑇 − 273)]

(8.16)

Using the SWRC model of Brooks and Corey (1964) and the hydraulic conductivity of
Gardner (1958), the temperature-dependent effective saturation profile with depth can be written
as (Thota et al., 2019):
1/𝑛

𝛽𝑇 + 𝑇𝑟
𝑞
𝑞
𝑆𝑒 = {𝑒𝑥𝑝 [𝑙𝑛 ((1 + ) 𝑒 −𝛽′𝑧 − ) ( 𝑟
)]}
𝑘𝑠
𝑘𝑠
𝛽+𝑇

(8.17)

where n is the pore size distribution parameter of the SWRC.
The degree of saturation/water content can be assumed as constant for the undrained
condition. By using the temperature-dependent quantity (Eq. 8.11), Eq. (8.13) is then modified in
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terms of the temperature-dependent matric suction, and a steady-state matric suction profile as a
temperature-dependent quantity for the undrained condition can be expressed as,

𝜓=

8.3.2

𝛾𝑤
𝑞
𝑞
1
𝑎 + 𝑏𝑇𝑟
𝛽+𝑇
𝑙𝑛 [(1 + ) 𝑒 −𝛽′𝑧 − ] [ 𝑎
+(
)(
)]
𝛽′
𝑘𝑠
𝑘𝑠 ( + 𝑇)
𝑎 + 𝑏𝑇 𝛽𝑇𝑟 + 𝑇𝑟
𝑏

(8.18)

Conceptual Model of Ultimate Pile Bearing Capacity of Pile under Elevated
Temperatures
Proper design or design of energy piles warrants a careful examination of all parameters

that are affected by changes in hydraulic and mechanical loads under elevated temperatures. The
variation of shaft and end bearing capacities with temperature and water content can be due to
various factors including hydraulic properties of the soil, shear strength parameters of the soil-pile
interface, and thermal expansion of pile and soil. At different depths, the variation of water content
in the soil surrounding the pile may be caused by seasonal fluctuations such as infiltration and
temperature. Besides, depending on the peak demands in the facility, the temperature in the energy
pile can be as high as 45 °C. Most of the variation of ultimate pile capacity is caused by seasonal
variations of water content and is through the variation of shaft capacity of the pile.
In this study, the ultimate bearing capacity of energy piles in unsaturated soils is determined
by quantifying the skin and end bearing capacities under varying water contents and temperatures.
The effects of water content (or suction) and temperature are accounted for in the properties of the
surrounding unsaturated soil, pile dimensions, and as well as the soil-pile interface under drained
and undrained mechanical loading conditions. Fig. 8.2 shows a schematic diagram of energy pile
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with length (L) and diameter (d) embedded in unsaturated soil. Due to thermal applications, the
pile can be subjected to various uniform soil temperatures. The temperature distribution within the
pile is assumed to be constant and heating is assumed to be drained. These assumptions can
reasonably represent field conditions in which the changes in temperature of energy piles occur
slowly and thus, can be assumed to be drained. The soil surrounding the pile reaches an almost
constant temperature along the pile length. Several studies including field and laboratory tests
employed constant soil temperatures all along the length of the pile (e.g., Laloui et al. 2006;
Bourne-Webb et al. 2009; Kalantidou et al. 2012; Ng et al. 2015; Vasilescu et al. 2019; Elzeiny et
al. 2020). Therefore, a similar uniform temperature profile is assumed in this study.

Figure 8.2

Schematic diagram of effects of temperature on: (a) pile, soil pore and soil-pile
properties and (b) ultimate pile capacity for unsaturated fine-grained soils under
drained and undrained conditions.

The temperature in the pile induces thermal changes in the soil matric suction and water
content, pile dimensions, and subsequently, the pile capacity. However, the variation of matric
suction and water content can happen under drained or undrained conditions based on short-term
or long-term mechanical loading conditions. Based on experimental evidence and theoretical
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background, the ultimate pile capacity can either decrease or increase depending on drained or
undrained mechanical loading conditions, matric suction, and soil type. Under constant water
content, the matric suction reduces with heating and in turn decreases the ultimate bearing capacity
of the pile (Gardner, 1955; Romero et al., 2001; Uchaipichat, 2013). Typically, the temperature
changes in energy piles are slow enough that drained heating in the soil will occur. At the same
time, the loading of piles in fine-grained soils can be undrained or drained depending on the
application of mechanical load.
As schematically shown in Fig. 8.2b, along the length of the pile, fine-grained soils can
have a monotonic trend with temperature and drainage conditions. Along with hydraulic
properties, the pile capacity is impacted by changes that occurred in friction angle and adhesion
component of the interface of pile-soil due to an increase in temperature (Fig. 8.2a). Another factor
that affects the trend of pile capacity is thermally induced expansion of pile (Fig. 8.2a). When the
pile is heated, the molecules in the pile material vibrate faster and therefore the space between
them increases, which expands the overall pile material.
8.3.3

Analytical Framework
The ultimate pile bearing capacity of unsaturated soils of the driven pile is generally

assumed to be comprised of two components, the side shear capacity and the end bearing capacity,
and is given by,

𝑄(𝑢𝑛𝑠𝑎𝑡) = 𝑄𝑠(𝑢𝑛𝑠𝑎𝑡) + 𝑄𝑒(𝑢𝑛𝑠𝑎𝑡)
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(8.19)

where Q( unsat ) is the ultimate bearing capacity of the pile, Qs (unsat ) is the skin capacity, and Qe(unsat )
is the end bearing capacity.
An energy pile is subjected to elevated temperatures combined with mechanical loading
during its operation. In this section, to determine the pile capacity at elevated temperatures, the
nonisothermal hydraulic formulations discussed in the previous section are employed to extend
the ultimate pile bearing capacity formulations at ambient conditions to elevated temperature
conditions.
8.3.3.1

Drained mechanical loading analysis
Under drained conditions, the skin capacity of unsaturated soils under ambient temperature

is given by (Vanapalli and Taylan, 2012),
𝑄𝑠(𝑢𝑛𝑠𝑎𝑡) = [𝑐′𝑎 + 𝛽𝑐 (𝜎 − 𝑢𝑎 + 𝜓𝑆𝑒 ) + 𝜓𝑆 𝜅 𝑡𝑎𝑛 𝛿 ′]𝜋𝑑𝐿

(8.20)

where c 'a is the adhesion component of cohesion for the saturated condition,  c is the BurlandBjerrum coefficient, which is equivalent to (1 − sin  ') tan  ' ,  ' is the friction angle of soil,  ' is
the friction angle of soil-pile interface, ( − ua ) is the net normal stress,  is a fitting parameter
used to obtain a good correlation between predicted and experimental data is considered to be one
in the study, S is the degree of saturation.
Extending Terzaghi’s bearing capacity equation, the end bearing capacity of unsaturated
soils under drained conditions is written as,
𝑄𝑒(𝑢𝑛𝑠𝑎𝑡) = [𝑁𝑞 (𝜎 − 𝑢𝑎 + 𝜓𝑆𝑒 ) + 𝑁𝑐 (𝑐′𝑎 + 𝜓𝑆 𝜅 𝑡𝑎𝑛 𝛿 ′)]
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𝜋𝑑 2
4

(8.21)

where N q is the bearing capacity factor for a surcharge.
The ultimate pile bearing capacity of unsaturated soils under drained conditions is given
by:
𝑄(𝑢𝑛𝑠𝑎𝑡) = [𝑐′𝑎 + 𝛽𝑐 (𝜎 − 𝑢𝑎 + 𝜓𝑆𝑒 ) + 𝜓𝑆 𝜅 𝑡𝑎𝑛 𝛿 ′]𝜋𝑑𝐿 + [𝑁𝑞 (𝜎 − 𝑢𝑎 +
𝜓𝑆𝑒 ) + 𝑁𝑐 (𝑐′𝑎 + 𝜓𝑆 𝜅 𝑡𝑎𝑛 𝛿 ′)]

𝜋𝑑2

(8.22)

4

If a zero surcharge is assumed, the above equation is modified as,
𝑄(𝑢𝑛𝑠𝑎𝑡) = [𝑐′𝑎 + 𝛽𝑐 (𝜎 − 𝑢𝑎 + 𝜓𝑆𝑒 ) + 𝜓𝑆 𝜅 𝑡𝑎𝑛 𝛿 ′]𝜋𝑑𝐿 + [𝑁𝑐 (𝑐′𝑎 +
𝜓𝑆 𝜅 𝑡𝑎𝑛 𝛿 ′)]

𝜋𝑑2

(8.23)

4

In addition to hydraulic parameters (i.e., water content and matric suction), the pile-soil
interface parameters such as the interface angle and adhesion vary with temperature (Di Donna et
al., 2016b; Fu, 2017; Xiao et al., 2017). Typically, the pile-soil frictional capacity increases as the
soil water content decrease from saturated to dry state with an increase in temperature (Fu, 2017;
Yazdani et al., 2018). The impact of temperature on the pile-sand interface behavior has minimal
or no effect. However, elevated temperature can notably affect the pile-clay interface behavior (Di
Donna et al., 2016b; Yazdani et al., 2018). This is due to the dominant temperature induced
changes in water content and matric suction, which further cause changes in the shear strength of
the pile-soil interface. In other terms, the degree of saturation decreases at the pile-soil interface
due to thermally induced water flow away from the interface, the matric suction increases and the
water content decreases (Goode and McCartney, 2015; Fu, 2017). Therefore, the changes in the
shear strength of the pile-soil interface can be represented by the SWRC parameters. The
temperature dependency of pile-soil interface parameters can be defined as,
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𝛿′ 𝑇 = 𝛿′ 𝑇𝑟 − (𝑇 − 𝑇𝑟 ) × 𝑙𝑜𝑔( 𝑚𝑆)

(8.24)

𝑐′𝑎,𝑇 = 𝑐′𝑎,𝑇𝑟 − (𝑇 − 𝑇𝑟 ) × 𝑙𝑜𝑔( 𝑚𝑆)

(8.25)

where  'Tr and c 'a ,Tr are the pile-soil interface angle and adhesion component at the reference
temperature, respectively. Limited data exist in the literature reporting measured pile-soil interface
parameters at different water contents and temperatures. However, the above equations can be
calibrated at reference temperature (8 °C) and validated at elevated temperatures (>8 °C) against
the measured data reported in Fu (2017), who reported results of energy pile on kaolin-sand
mixture with a weight ratio of 1:3. Interface shear tests were conducted on the soil-steel pile. Fig.
8.3 compares the measured data reported by Fu (2017) and the predicted values of the pile-soil
interface shear strength parameters at different temperatures using the pore size distribution
parameter n = 2.5 (for m = 1-1/n). Each data point in Fig. 8.3 represents the respective water
content and temperature. The results show the data from the proposed equations are in good
agreement with the measured data. The Root Mean Square Error values of interface angle and
adhesion calculated for the given temperatures are 1.17° and 0.85 kPa, respectively. The above
equations do not require any extra parameters for the application. One can use the SWRC
parameters to evaluate the changes in shear strength parameters of the pile-soil interface with
temperature. However, further validation of the proposed equations against more measured data
for shear strength parameters of pile-soil interface at different water content and temperatures is
desired.
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Figure 8.3

Measured and predicted soil-pile interface parameters of unsaturated soil with
temperature.

Due to the thermal expansion of concrete, the variation in temperature can affect the overall
dimensions of the pile. The change in length and diameter of the pile due to thermal expansion can
be calculated as follows:
𝛥𝐿 = 𝐿𝛼𝑐 (𝑇 − 𝑇𝑟 )

(8.26)

𝛥𝑑 = 𝑑𝛼𝑐 (𝑇 − 𝑇𝑟 )

(8.27)

where  c is the thermal coefficient of the pile material. In this study, we considered piles made of
concrete material in which the thermal expansion coefficient can be taken between 13 to 14 m/m
°C.
Using temperature dependent matric suction and effective degree of saturation profiles
introduced in the above sections, the ultimate pile bearing capacity of unsaturated soils at elevated
temperatures under drained condition can be written as,
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𝑄(𝑢𝑛𝑠𝑎𝑡) =
[

𝑐′𝑎,𝑇 + 𝛽𝑐 (𝜎 − 𝑢𝑎 +
𝛾

𝛾𝑤
𝛽′

𝑞

𝑞

𝑠

𝑠

+ 𝛽′𝑤 𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ] (
+ [𝑁𝑐 (𝑐′𝑎,𝑇 +
𝑞
𝑘𝑠

](

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

8.3.3.2

1/𝑛

)]}

𝑞

𝑞

𝑠

𝑠

𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ] (

𝛾𝑤
𝛽′

𝑡𝑎𝑛 𝛿 ′𝑇 )]

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇
𝑞

𝑞

𝑠

𝑠

) {𝑒𝑥𝑝 [𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ] (

𝑞

𝑙𝑛 [(1 + ) 𝑒

−𝛽′𝑧

𝑘𝑠

𝑞
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𝑘𝑠
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𝑞

𝑞

𝑠

𝑠

) {𝑒𝑥𝑝 [𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ] (
𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

1/𝑛

)]}

𝑞

) {𝑒𝑥𝑝 [𝑙𝑛 [(1 + ) 𝑒
𝑘𝑠

𝛽𝑇𝑟 +𝑇𝑟
𝛽+𝑇

1/𝑛

)]}

)
] 𝜋𝑑𝐿

𝑡𝑎𝑛 𝛿 ′𝑇

−𝛽′𝑧

(8.28)

−

𝜋𝑑2
4

Undrained mechanical loading analysis
For undrained mechanical loading conditions, the pile bearing capacity is primarily

associated with the undrained shear strength of the soil. It can be defined using a modified 
method for the ultimate pile bearing capacity of unsaturated soils. The variation of undrained shear
strength with respect to the SWRC can be expressed as (Vanapalli and Taylan, 2012),

𝑐𝑢,𝑢𝑛𝑠𝑎𝑡 = 𝑐𝑢,𝑠𝑎𝑡 [1 + 𝜓

𝑆𝜈
]
𝜇

(8.29)

where cu , sat is the undrained shear strength for saturated soil, and  , and  are fitting parameter
dependent on the plasticity index.
Using the pile dimensions and the undrained shear strength formulation, the ultimate pile
bearing capacity of unsaturated soils under ambient conditions is given by (e.g. Vanapalli and
Taylan 2012; Uchaipichat, 2012),

𝑄(𝑢𝑛𝑠𝑎𝑡) = 𝛼𝑐𝑢,𝑠𝑎𝑡 [1 + (𝑢𝑎 − 𝑢𝑤 )

𝑆𝜈
𝑆 𝜈 𝜋𝑑 2
] 𝜋𝑑𝐿 + 𝑁𝑐 𝑐𝑢,𝑠𝑎𝑡 [1 + (𝑢𝑎 − 𝑢𝑤 ) ]
𝜇
𝜇 4

(8.30)

where  is the adhesion factor, N c is the bearing capacity factor for cohesion intercept taken as
9.0 (Uchaipichat, 2012; Laloui and Loria, 2019). For undrained analysis, the pile-soil interface
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angle and the bearing capacity factor related to overburden are assumed to be zero in the above
equation (Liu et al., 2019; Laloui and Loria, 2019). The degree of saturation assumed to be constant
in the undrained case, and matric suction is zero at a saturated state. The undrained shear strength
at this state is assumed to be unchanged with temperature. The changes in the ultimate bearing
capacity of undrained unsaturated soils at different temperatures are assumed to be due to thermal
induced changes in matric suction. Using the nonisothermal matric suction (Eq. 8.4), and the
undrained shear strength (Eq. 8.29), the temperature dependent formulations are rewritten as,

𝛾

𝑞

𝑞

𝑠

𝑠

𝑤
𝑐𝑢,𝑢𝑛𝑠𝑎𝑡 = 𝑐𝑢,𝑠𝑎𝑡 [1 + 𝜇𝛽′
𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ] [

(

𝑎+𝑏𝑇𝑟
𝑎+𝑏𝑇

)(

𝛽+𝑇
𝛽𝑇𝑟 +𝑇𝑟

)] 𝑆

1
𝑎
𝑏

( +𝑇)

+
(8.31)

𝜈]

Substituting the Eq. 8.31 into Eq. 8.30, the ultimate pile bearing capacity of unsaturated
soils at elevated temperatures under undrained condition can be written as,
𝛾

𝑄(𝑢𝑛𝑠𝑎𝑡)

𝑞

𝑞

𝑤
1 + 𝜇𝛽′
𝑙𝑛 [(1 + 𝑘 ) 𝑒 −𝛽′𝑧 − 𝑘 ]
2
𝑠
𝑠
𝑁 𝑑
]
= (𝛼𝑑𝐿 + 𝑐4 ) 𝑐𝑢,𝑠𝑎𝑡 𝜋 [ 1
𝑎+𝑏𝑇𝑟
𝛽+𝑇
[𝑎
+(
)(
)] 𝑆 𝜈

( +𝑇)
𝑏

𝑎+𝑏𝑇

(8.32)

𝛽𝑇𝑟 +𝑇𝑟

The first term in Eq. 8.28 and Eq. 8.32 represents the pile skin contribution and the second
term represents the pile tip contribution. The above equation offers a unified equation to determine
the pile capacity under varying temperatures and degrees of saturation.
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8.4

Results and Discussion

8.4.1

Validation
Limited measured data exist in the literature reporting the ultimate pile capacity of

unsaturated soils under elevated temperatures. Nevertheless, the only data available from Goode
and McCartney (2015) are used to validate the proposed model. Goode and McCartney (2015)
tested an energy pile surrounded with unsaturated Bonny silty soil at average temperatures of 21
℃, 32 ℃, and 40 ℃, along their length. After maintaining the target temperature, the energy piles
were axially loaded using the loading piston. Dielectric sensors were used to measure the
temperature and the volumetric water content of the soil surrounding the pile at a depth of 5.5 m
below the pile tip. Table 8.1 presents the parameters used for calibration and validation purposes.
The ultimate pile capacity is calibrated at the initial temperature and then predicted at higher
temperatures. Since the measured data are available at a specified depth, it is further noted that the
drained condition and no flow (q = 0) are assumed, and accordingly, the related equations (Eq.
8.28) are used to evaluate the ultimate pile capacity at different temperatures.
Table 8.1

Input parameters used for model validation
Model parameters

Soil

n

Bonny
silt

1.6

'

hTr

(kPa-1)

(J/m2)

0.33

-0.516

'

c 'a ,Tr

 'T

30°

(kPa)
14

28°

r

Geometry of
pile
L = 8.2 m
d = 1.5 m

Fig. 8.4 shows the measured and predicted data of the ultimate pile capacity of unsaturated
silty soil versus the change in temperature from the room temperature. The comparison shows a
good agreement between the measured and predicted values. The increase in temperature causes
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an increase in the ultimate pile capacity of the unsaturated silt. While the results show a very small
error, the proposed model can benefit from further validation against more measured values.

Figure 8.4
8.4.2

Measured and predicted ultimate pile bearing capacity of unsaturated soils with the
change in temperature from ambient condition to elevated temperature.

Parametric Study
The matric suction, effective stress, shaft, end bearing, and ultimate bearing capacities

under drained and undrained conditions, respectively, are calculated and discussed in this section.
The typical input parameters assumed for the hypothetical clay soil used in the analysis are shown
in Table 8.2.
Table 8.2

Input parameters for drained and undrained calculations
Model parameters

Soil
type
Clay

n
1.5

'

hTr

-1

(kPa )

(J/m )

0.01

-0.45







2

c 'a ,Tr
(kPa)

2.0

30

0.70

10
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q
(m/s)

 'T

'

-1E-09

26°

28°

r

Geometry of
pile
L = 10 m
d = 0.3 m

Fig. 8.5 shows the effective stress of unsaturated clayey soil along the pile at different
temperatures. At a given depth, the effective stress of unsaturated clay soil increases with an
increase in temperature. The magnitude of temperature dependent effective stresses increases with
an increase in depth because a longer surface of pile is available to mobilize. At relatively lower
depths from the ground surface to the pile, the temperature has minimal effect on effective stress
whereas, at higher depths, the effect on effective stress increases with an increase in temperature.

Figure 8.5

Depth profile of effective stress along the edge of the pile for the drained condition
at temperatures 5, 15, 25, 35, and 45 °C for clay.

Fig. 8.6 shows the variation of shaft capacity, end bearing capacity and ultimate pile
bearing capacity at different depths along the pile from the ground surface for unsaturated clay soil
at temperatures 5, 15, 25, 35, and 45 °C. The changes in the shaft and end bearing capacities of the
pile with temperature under drained conditions follow similar trends to the effective stress, as their
variations are mainly affected by the effective stress of the clay. Therefore, at relatively low depths
from the pile tip, the ultimate pile capacity is less affected by temperature. As the depth from the
ground surface increases, the ultimate pile capacity gradually increases with an increase in
temperature. For example, at a depth of 5 m from the ground surface, the ultimate pile capacity
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increases approximately by 3%, 10%, 30%, and 65% by increasing temperature from 5 to 15, 25,
35, and 45 °C. Under drained conditions, an increase in the pile bearing capacity with an increase
in temperature can be attributed to thermally induced reduction in water content, which can
increase matric suction in the soil associated with pile thus increasing the effective stress and the
pile capacities at elevated temperatures. Typically, most of the pile load is transmitted to the soil
via mobilized friction along the pile shaft, while a small amount of load is transmitted into the soil
through the pile end (Nguyen, 2017). Moreover, the changes in water content and matric suction
with temperature is due to temperature induced changes in the surface tension, contact angle, and
wettability of soil (Grant and Salehzadeh, 1996; Vahedifard et al., 2018, 2019).
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Figure 8.6

Depth profile of clay at temperatures 5, 15, 25, 35, and 45 °C under the drained
condition for: (a) shaft bearing capacity, (b) end bearing capacity, and (c) ultimate
bearing capacity.

Fig. 8.7 shows the variation of matric suction in clay along the pile at temperatures of 5,
15, 25, 35, and 45 °C, respectively, under undrained conditions. At the saturated or low suction
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range, the matric suction is less affected by temperature. At a specified depth, the profile of matric
suction for clay monotonically decreases with an increase in temperature. For clay, at a depth of 5
m, the matric suction decreases approximately by 7%, 20%, 38%, and 61% by increasing
temperature from 5 to 15, 25, 35, and 45 °C. The changes in effective stress with temperature is
due to the influence of physiochemical mechanisms.

Figure 8.7

Depth profile of matric suction along the edge of the pile for the undrained
condition at temperatures 5, 15, 25, 35, and 45 °C for clay.

Under undrained conditions, Fig. 8.8 shows the variation of shaft, end bearing, and ultimate
pile capacities of clay along the pile depth at temperatures of 5, 15, 25, 35, and 45 °C, respectively.
At a given temperature, the pile capacity monotonically decreases for both soils. For example, at
a depth of 5 m, the shaft capacity (Fig. 8.8a), end bearing capacity (Fig. 8.8b) and ultimate pile
bearing capacity (Fig. 8.8c) decrease by 7% to 62% by increasing temperature from 5 °C to 45 °C.
At depths of <3 m, as seen in Fig. 8.8, the temperature changes may have a lesser effect on pile
capacity. The results of undrained analysis agree well with results reported by Uchaipichat (2013),
who observed reduction of matric suction, shaft, and end bearing capacity with temperature for
unsaturated soils.
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Figure 8.8

Depth profile of clay for the undrained condition at temperatures 5, 15, 25, 35, and
45 °C for: (a) shaft bearing capacity, (b) end bearing capacity, and (c) ultimate
bearing capacity.

As observed from the results, the major contribution for overall pile capacity is from the
shaft capacity. Therefore, a major percentage change in ultimate pile bearing capacity due to
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elevated temperature is through the pile shaft. At a given depth, the trend of pile capacity with
temperature conforms to most of the existing experimental data and contradicts with a few others.
For example, at a given matric suction, the change in pile capacity with temperature for undrained
condition agrees with the trend observed by Wang et al. (2012) and Uchaipichat (2013). However,
it contradicts the trends noted in Ng et al. (2015) and Goode and McCartney (2015). On the other
hand, for drained conditions, while the predicted changes in the pile capacity with temperature
agree well with the others and contradict with Wang et al. (2012). This could be due to various
reasons such as some of the tests were conducted under different saturated conditions. Testing
under different drainage conditions could also affect the trend with soil type. Depending on
conditions that support thermally induced or dissipation of pore-water pressure in the soil, the peak
capacity of the pile can either decrease or increase. Though the proposed model is verified for one
set of data, future studies are suggested to collect more experimental data of pile capacity at various
moisture contents and temperatures with drained and undrained mechanical loading. Furthermore,
controlled experimental and numerical studies to examine the degree of saturation, the temperature
on end and shaft capacities are required to further verify the proposed models and update them for
more appropriate quantitative prediction.
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CHAPTER IX
CONCLUSIONS AND RECOMMENDATIONS
9.1

Summary and Conclusions
Considering the non-isothermal SWRC is prudent for emerging applications of

geotechnical and geoenvironmental engineering. For this purpose, new models for non-isothermal
Soil Water Retention Curve (SWRC) were introduced in Chapter 2. The effects of temperature
were incorporated into the SWRC by considering thermal effects on the adsorbed water, the
contact angle, and the surface tension of water. Previous non-isothermal SWRC models do not
consider all these effects together and commonly fail to account for the effect of temperature in
the adsorption regime, which can be significant at higher matric suctions. This study presented
analytical formulations for temperature-dependent adsorbed water and matric suction developed
based upon the fundamental physics of adsorption and wettability. The proposed formulations
were then employed to extend three isothermal SWRC models of Brooks and Corey (1964), van
Genuchten (1980), and Fredlund and Xing (1994) to non-isothermal conditions. The proposed
SWRC models are validated against the measured data for unsaturated clay, silt, and sand soils at
different temperatures available in the literature. The comparison of predicted data with
experimental data shows a very good match between them. Furthermore, using proposed models
a parametric study is carried to understand the effect of temperature, soil type on capillary and
adsorbed mechanisms of SWRC.
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Considering the temperature dependency of effective stress can be an important step
toward accurate modeling of the unsaturated soil behavior at different temperatures. In Chapter 3,
the study presented closed-form equations to describe the effective stress of unsaturated soils under
nonisothermal conditions. The nonisothermal effective stress expressions are derived by
considering the effects of temperature on adsorption, moist air pressure (i.e., dry air pressure plus
water vapor pressure), and capillary pressure. The temperature dependency of capillary pressure
involves the effects of temperature on the surface tension, the soil-water contact angle, and the
enthalpy of immersion per unit area. Employing the proposed formulations, parametric studies are
performed to gain further insight into the effects of temperature on effective stress for three
different soils. For Shonai dune sand, it is shown that elevated temperatures decrease the effective
stress at a given matric suction. For Pachapa loam and Seochang sandy clay, applying higher
temperatures is shown to decrease the effective stress up to the matric suction approximately
corresponding to the residual saturation. Beyond this point, the effective stress increases by
applying higher temperatures. In general, one can conclude that the effective stress trend versus
temperature is heavily dominated by the temperature effect on the prevailing storage mechanism
for each soil. The predictions from the proposed formulations are compared and validated against
experimental data available in the literature for sand, silt, and clay. The results of the proposed
model show a very good predictive capability with low error. The proposed closed-form equations
for the nonisothermal effective stress can be considered to be a unified framework for describing
flow and stress in unsaturated soils under different temperatures.
Considering the effects of temperature and confining pressure on thermal conductivity is
an important step towards accurate modeling of the unsaturated soil behavior, particularly when
dealing with applications that involve non-isothermal processes in unsaturated soils. Chapter 4
210

presented a generalized TCF model to determine the thermal conductivity of unsaturated soils
while accounting for the effect of various water content (or suction), temperature, and confining
pressures. Under elevated temperature and confining pressure conditions, a direct link was
presented between the soil water retention curve, different heat transfer mechanisms (i.e.,
conduction, convection, and latent heat flux) and the confining pressure with the thermal
conductivity formulation for unsaturated soils. Utilizing the proposed TCF model, parametric
studies are conducted to gain further insight into the effect of temperatures on water content and
thermal conductivity at constant confining pressure for three different soils. The effects of
confining pressures at the constant temperature on thermal conductivity are also studied. Different
behaviors of thermal conductivity are observed depending upon the type of soil, range of
temperature, water content, and confining pressure. Finally, predictions from the proposed TCF
model are compared and validated against experimental data for six different from the literature.
The results obtained from the proposed model are more accurate and are in closer agreement with
laboratory measured data than several existing TCF models. The error for all soils at various
temperatures are consistently less than 10%. The proposed TCF model can be considered as a
generalized framework describing the thermal conductivity of unsaturated soils under different
temperature and confining pressure conditions.
Capturing the temperature dependency of small-strain shear modulus can be an important
aspect of modeling the behavior of unsaturated soils subjected to varying temperatures. Chapter 5
in this study presented a closed-form model to determine the temperature-dependent small-strain
shear modulus of unsaturated soils, with an emphasis on silts. An effective stress-based general
functional form was proposed, and temperature dependency of the model was considered by
incorporating temperature-dependent functions for matric suction and effective saturation. The
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effective saturation was presented by analytical expressions in which the effects of temperature
were considered on the surface tension, soil-water contact angle, and adsorption by the enthalpy
of immersion per unit area. The proposed formulations were used to extend the SWRC model
originally developed by van Genuchten (1980), which was then used to develop the equations for
temperature-dependent shear modulus of unsaturated soils at small strains. Further, a series of
experimental tests were conducted to measure the small-strain shear modulus of unsaturated
Bonny silts at elevated temperatures. The proposed formulation was compared and validated
against the experimental data from the current study and two other independent studies reported
the literature. The results of the proposed model showed a good match against the measured data.
The model presented in this study can contribute toward an improved understanding of the
temperature effect on the mechanical response of unsaturated soils. Experimental measurements
of elastic moduli of unsaturated soils under different temperatures require time-consuming tests
and certain expertise. Hence, empirical or semi-empirical models such as that developed in this
study can facilitate the implementation of temperature-dependent analyses in the geotechnical
engineering practice by providing a reasonable estimation of the small-strain shear modulus of
unsaturated soils at elevated temperatures. This study is the first attempt in the literature to
experimentally measure and predict the small-strain shear modulus of unsaturated soils at elevated
temperatures.
The current study showed that the temperature effects on the SWRC and the associated
properties effective stress, thermal conductivity and small strain shear modulus can be significant,
depending upon the soil type and the range of temperature applied. The effects of temperature vary
based upon various parameters including soil type, soil mineralogy, range of temperature, range
of suction, saturation levels, soil confinement, drainage condition, among others. Depending on
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the property of interest the proposed formulations in Chapter 2 to Chapter 5 can be readily
incorporated into analytical solutions and numerical simulations of thermo-hydro-mechanical
processes in unsaturated soils. The proposed formulations offer a generalized model and involve
constitutive relationships that are needed in a coupled heat transfer and water flow model. As the
degree of saturation, suction, and temperature changes during a transient flow process, the model
should still provide accurate predictions. The models can be incorporated as a constitutive
relationship into both steady-state and transient flow and heat analyses.
Chapter 6 of this study aimed to present an analytical framework to assess the effect of
elevated temperatures on the stability of infinite unsaturated slopes under different flow conditions.
This framework is built based upon the suction stress-based representation of effective stress by
considering the temperature dependency of the SWRC and effective stress. To evaluate the
temperature effects on matric suction, effective degree of saturation, apparent cohesion, shear
strength, and the FOS at temperatures of 25, 40, and 55 °C were studied for hypothetical soils
under hydrostatic, infiltration and evaporation conditions. The results indicated the variation in all
the properties considered for elevated temperatures. The shear strength and FOS trend with
temperature for clay and silt soils appear to be monotonic. However, the sand exhibited a nonmonotonic behavior. This could be due to the absence of physicochemical forces around the soil
interparticle in sands. The results also illustrated that temperature could have a significant effect
on shear strength and thereby the stability of fine-grained soil slopes. The effect of temperature on
the shear strength and the FOS is minimal in the case of sand slope. Though the elevated
temperatures have a positive effect on the FOS of the slope, the negative effect can be caused by
the formation of cracks due to tensile stresses developed due to elevated temperatures.
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In Chapter 6, Rankine’s earth pressure equations for unsaturated soils were extended to
account for the effect of temperature. For this purpose, the temperature-dependent suction stressbased effective stress is incorporated into formulations for calculating active and passive earth
pressure profiles in unsaturated soils subject to elevated temperatures. The proposed suction stress
framework is obtained from the extended SWRC model originally developed by Brooks and
Corey, Darcy’s flow principle, and Gardner’s hydraulic conductivity function. The final
formulation is simplified for hydrostatic conditions (i.e., no flow conditions). The SWRC model
considers the thermal effects on the surface tension of water, enthalpy of immersion and the contact
angle. To illustrate the temperature dependency of active and passive earth pressures, a parametric
study was conducted with clay, silt, and sand at temperatures of 25, 40, and 55 °C under hydrostatic
conditions. The results were presented in the form of active, and passive earth pressure profiles.
The results suggested that elevated temperatures can have a significant effect on suction stress and
thereby lateral earth pressures. For elevated temperatures, the suction stress increases, the active
pressure decreases, and passive pressure increases. However, the variation of earth pressure
magnitudes depends on depth, soil type and range of matric suction. For all soils, the tension zone
increases with an increase in temperature from ambient conditions.
In Chapter 8, the ultimate bearing capacity of piles in unsaturated fine-grained soils
extended to account for the effect of temperature is introduced in this paper. For this purpose,
thermal induced changes are quantified in the properties of soil, pile, and soil-pile interface that
contribute toward the pile ultimate bearing capacity under drained heating and drained and
undrained mechanical loading conditions. The formulations for temperature-dependent matric
suction and interface parameters are incorporated for calculating shaft capacity, end bearing
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capacity, and the ultimate pile bearing capacity in unsaturated soils subject to elevated
temperatures.
To demonstrate the temperature dependence of the ultimate pile bearing capacity, a
parametric study was conducted with clayey soils at temperatures of 5, 15, 25, 35, and 45 °C. The
results were presented in the form of shaft capacity, end bearing capacity, and ultimate pile bearing
capacity along the length of the pile. The results suggested that elevated temperatures can have a
notable effect on matric suction and water content and thereby the ultimate bearing capacity of the
pile. At elevated temperatures, the matric suction and hence ultimate pile bearing capacity
monotonically decreases along the length of the pile for undrained conditions. On the other hand,
for drained conditions, the ultimate pile bearing capacity non-monotonically changes with
temperature along the pile length. The results of the proposed model are also verified against one
set of experimental data available in the literature. The study shows there are important parameters
related to hydraulic and pile-soil interface that controls the pile capacity under elevated
temperatures. Further, the study shows the higher mobilization of ultimate pile capacity with
temperature is through the shaft of the pile. More experimental data are beneficial to further
validate the proposed models. Nevertheless, the proposed approach provides a simple method to
determine the ultimate bearing capacity of energy piles under thermal and hydraulic loadings.
9.2

Recommendations for Future Research
Though the current study aimed to address several fundamental issues in the current state

of the art by establishing novel constitutive relationships for unsaturated soils at elevated
temperatures, there are still several gaps exist in the literature in the form of experimental data,
unified models, and their applications in emerging geotechnical and geoenvironmental engineering
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problems. Based on the overall study, some of the recommendations/suggestions for future
research are itemized below:
•

More experimental tests are suggested to further verify and improve the proposed SWRC,
effective stress, small strain shear modulus, and TCF models over a wider range of
temperature and matric suction. Most of the tests conducted under null stress conditions
and low matric suction ranges, it is suggested to conduct more tests by varying confining
pressures and temperatures over a wide range of matric suction. Further, the effective stress
is a critical mechanical property that controls the shear strength. Direct measurements
should be made to evaluate the effective stress of unsaturated soils at different
temperatures.

•

There are limited studies that have been carried out to understand the deformation behavior
of unsaturated soils under elevated temperatures. Further, the existing analytical or
numerical studies consider only the significance of shear strength and do not consider the
effect of change in volume in unsaturated soils at different temperatures. It is strongly
suggested to improve this area of research by conducting more experimental tests for
understanding the combined effect of shear strength and deformation behavior on
unsaturated soils at different temperatures.

•

Further research is suggested to examine the behavior of unsaturated soils at elevated
temperatures under drained and undrained conditions. The nonisothermal unsaturated soil
behavior is prone to be significantly affected by drainage conditions. Securing more
experimental tests and models can provide further insight and will greatly improve our
understanding of emerging geotechnical engineering problems.

•

More efficient and faster experimental techniques for testing unsaturated soils at elevated
temperatures are needed to facilitate the application by researchers and practitioners.
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APPENDIX A
ENTHALPY OF IMMERSION AT REFERENCE TEMPERATURE
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The enthalpy of immersion at the reference temperature ( hTr ) is a key input parameter in
the proposed formulations and is defined by the International Union of Pure and Applied
Chemistry (IUPAC) as the difference between the enthalpy of a solid completely immersed in a
wetting fluid and that of the solid and the liquid taken separately (Grant and Salehzadeh, 1996).
The value of hTr must be specified whether the solid in the initial state is in contact with vacuum
or with the vapor of the liquid at a given partial pressure. According to Everett (1972), the
measurements of the enthalpy of wetting of a solid equilibrated with varying relative pressures of
the vapor of a pure wetting liquid may be used to derive the differential enthalpy of adsorption.
Jaroniec and Madey (1988) showed that the enthalpy of immersion is proportional to the average
adsorption potential and can be calculated using the parameters characterizing the energetic
heterogeneity of microporous solids. Table A.1 presents hTr of different materials reported in
the literature.
Table A.1

Enthalpies of immersion per unit area of different materials reported in the
literature
Material

Silica

Quartz
Anatase (untreated)
Anatase (coated with Al2O3)
Na-bentonite
Ca-bentonite
Plano silt loam
Elkmound sandy loam
Kaolinite
Bentonite

h

T of observation
(°C)
35
35
35
35
31
31
25
25
25
25
20
20
25
25
25
25

(mJ/ m2)
-195
-202
-278
-309
-505
-510
-120
-120
-510
-630
-400
-750
-516
-285
-358
-575
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Reference
Khalil (1978)
Khalil (1978)
Khalil (1978)
Khalil (1978)
Partyka et al. (1979)
Partyka et al. (1979)
Whalen (1961)
Whalen (1961)
Harkins and Jura (1944)
Harkins and Jura (1944)
Kahr et al. (1990)
Kahr et al. (1990)
Grant and Salehzadeh (1996)
Grant and Salehzadeh (1996)
Brooks (1960)
Zettlemoyer et al. (1955)

The enthalpy of immersion at the reference temperature can be determined based on
experimentally measured variables. For example, as per Harkins and Jura (1944), hTr can be
calculated as:

hTr = −  ( cos  ) T
r

(A.1)

where  is the air-water surface tension at Tr . There are several studies in the literature that
experimentally measure  and cos  (e.g., She and Sleep, 1998; Bachmann et al., 2002). Further,
previous studies have proposed several empirical models for hTr

(e.g., Stoeckli and

Kraehenbuehl, 1981; Watson, 1943; Kahr et al., 1990). Kahr et al. (1990) proposed the following
expression for the enthalpy of immersion of sodium and calcium bentonites as a function of initial
total water content (  ) at the reference temperature of 293 K:

hTr = A exp(− B − C 2 )
where A , B , and C are fitting parameters.
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(A.2)

